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The specific unit written by the author should follow the following 

format.1 Complex Numbers  (Font size 14) 

What is a complex number?  What is its origin?  Historically the problem arose when 

solutions to equations of the type  

                            (where ‘n’ was any positive number),  

                         or,    ( where  was less than zero), 

were not satisfied by any real number because quadratic equation of these form would have 

real roots or solutions only if the discriminant,   was a positive quantity. To 

solve the above two equations it was required that the root of a negative quantity be 

defined.  This led to the introduction of the Complex numbers.  

A symbol  was defined as ‘iota’. It is an imaginary number.  However, when you 

square it, it becomes real.  Of course, it wasn’t instantly created.  It took several centuries 

to convince certain mathematicians to accept this new number; the square root of -1. Once 

this number was admitted into our number system, fascinating possibilities opened up.  

Complex numbers were first conceived and defined by the Italian mathematician Gerolamo 

Cardano, who called them "fictitious", during his attempts to find solutions to cubic 

equation. The solution of a general cubic equation in radicals (without trigonometric 

functions) may require intermediate calculations containing the square roots of negative 

numbers, even when the final solutions are real numbers, a situation known as casus 

irreducibilis. This ultimately led to the fundamental theorem of algebra, which shows that 

using complex numbers, a solution will exist to every polynomial equation of degree one or 

higher. Complex numbers form an algebraically closed field, where every polynomial 

equation has a root or a solution. 

Engineers use it to study stresses on beams and to study resonance.  Complex numbers 

help us study the flow of fluid around objects, such as water around a pipe.  They are used 

in electric circuits, and the complex impedance of an antenna is related to the electrical 

length of the antenna at the wavelength in use. The impedance of an antenna can be 

matched to the feed line and radio by adjusting the impedance of the feed line, using the 

feed line as an impedance transformer. Thus complex form helps in transmitting radio 

waves.  So, if it weren’t for i, we might not be able to talk on cell phones, or listen to the 

radio!  Imaginary numbers also help in studying infinite series.  Lastly, every polynomial 

equation has a solution if complex numbers are used.  Clearly, it is good that i was created. 

Complex numbers have applications in a number of fields, including: engineering, 

electromagnetism, quantum physics, applied mathematics, and chaos theory. When the 
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underlying field of numbers for a mathematical construct is the field of complex numbers, 

the name usually reflects that fact. Examples are complex analysis,complex matrix, complex 

polynomial, and complex Lie algebra.  

 

Value addition:  History of Complex Numbers 

Heading text : Who popularised the complex numbers 

Body text: Image and/or text  

 
Johann Carl Friedrich Gauss (Gauß) (April 30, 1977- February 23, 1855) was a German 
Mathematician, an astronomer and a physicist with a wide range of contributions 
 
Going back into history, the earliest fleeting reference to square roots of negative numbers 
occurred in the work of the Greek mathematician and inventor Heron of Alexandria in the 1

st
 

century AD. He considered the volume of an impossible frustum of a pyramid. The complex 
numbers became more prominent later in the16th century when the closed formulae for the roots 
of third and fourth degree polynomials were discovered by Italian mathematicians. It was soon 
realized that these formulae, even if one was only interested in real solutions, sometimes required 
the manipulation of square roots of negative numbers. This was doubly problematic since not 
even negative numbers were considered to be on firm ground at the time. The term "imaginary" 
for these quantities was coined by Rene Descartes in the 17

th
 century and was meant to be 

derogatory. 
 
In the 18

th
 century the labors of De Moivre reaped the well-known formula which bears his name, 

, and Euler gave the formula . 

The existence of complex numbers was not completely accepted until the geometrical 
interpretation was described by Caspar Wessel in 1799.  
 
Several years later it was rediscovered and popularized by Carl Friedrich Gauss, and as a result 
the theory of complex numbers received a notable expansion. The idea of the graphic 
representation of complex numbers had appeared, however, as early as 1685, in Walli’s, De 
Algebra tractatus. 

Source: 
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http://www.knowledgerush.com/kr/encyclopedia/Complex_number/ 

 

Sum and Products  

The rules for addition, subtraction, multiplication, and division of complex numbers were 

developed by the Italian mathematician Rafael Bombelli. A more abstract formalism for the 

complex numbers was further developed by the Irish mathematician William Rowan 

Hamilton, who extended this abstraction to the theory of quaternions. 

We define a complex number  as an ordered pair  of real numbers  and . 

    

         Real part of z  Imaginary  part of z 

And we write  and  .   

 

We can also represent the complex number in the form . When we do so we must 

note that  is not ordinary addition. Further ‘x’ and ‘y’ are real numbers and . In 

particular 

 (x,y)=(x,0)+(0,y)  

         =   (x,0)+ (0,1)(y,0)  

where, in this representation  ‘i= (0,1)’. Further,   i2=ii = (0,1)(0,1)=(-1,0) 

Students must note that ‘x’ and ‘y’ are always real numbers which can be 

separately plotted on number lines.  

A complex number whose imaginary part is zero is of the form (x,0) and so, any two such 

complex numbers will simply add as 

 

or multiply as  

 

which is the same case as that of a real number.  

Hence complex number system is an extension of the real number system or in other words 

real number system is a subset of the complex number system.   

Two complex numbers z1 and z2 are said to be equal whenever they have the same real 

and imaginary parts  

http://www.knowledgerush.com/kr/encyclopedia/Complex_number/
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i.e.,  equals   if and only if x1=x2 and y1=y2. Thus the two complex 

numbers should correspond to the same point in the complex plane. 

Addition and Subtraction for two complex numbers  and are defined as  

 

 

 
 

While Multiplication/Product is defined as 

 
 

It may be noted here that though the product of two complex numbers is itself a complex 

number which is represented by a vector (this will be clear when we read the graphical 

representation of the complex number), this vector lies in the same plane as the vectors z1 

and z2. Evidently, the multiplicative product is neither a scalar nor a vector product which is 

used in ordinary vector analysis.  

 

And the Division is defined as  

 
 

only if (x2+y2)0 

 

 

Value addition:  Misconceptions 

Heading text : Multiplicative product of Complex Numbers 

Body text: Image and/or text  

Multiplication/Product is defined as 

 
 

It may be noted here that though the product of two complex numbers is itself a 

complex number which is represented by a vector (this will be clear when we read 

the graphical representation of the complex number), this vector lies in the same 

plane as the vectors z1 and z2. Evidently, the multiplicative product is neither a 

scalar nor a vector product which is used in ordinary vector analysis. 

 

Source: Brown Churchill; Complex Variables and applications, 6th ed. 
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Graphical representation of complex numbers_  

Real numbers can be represented by points on a number line which we may consider as 

the x-axis. 

 

All numbers integers, rational numbers and irrational numbers find a place on this number 

line. To each point on the line there will exist one and only one real number.   

However, Complex numbers are points on a plane. Since both the real ‘x’ and imaginary 

‘y’ parts of the complex numbers are themselves real numbers they can both be 

represented on a number line each. Thus two perpendicular coordinate axes (real number 

lines) are chosen. The horizontal x-axis is called the real axis while the vertical y-axis is 

called the imaginary axis. On both the axes the same unit of length is chosen. This is 

called the Cartesian coordinate system. Complex numbers are thus plotted on the complex 

plane on which the real part is on the horizontal axis, and the imaginary part on the vertical 

axis. 

Example 1 

Let us plot any complex number, z=(x,y) and name this point as ‘P’ which has the 

coordinates (x,y). Students are by now familiar with the graph paper in their laboratories 

and know how to plot any ordered pair on it. Similarly we will plot the point P. 

 

Fig. 1: A complex number P(x,y) on the complex plane. 
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The xy-plane in which the complex number P is now represented is called the complex 

plane or the Argand diagram or the Gaussian plane.  The complex number can be 

represented as a vector  whose initial point is the origin (0,0) and the terminal point is 

(x,y).  

Example 2 

Let us plot any two vectors say  and  having the same length (magnitude) and 

direction but different initial points. These two vectors will be considered equal 

 

Fig. 2: Two complex numbers of equal magnitude on the complex plane. 

 

We infer two very important points  

(i) To each point on the plane there will exist one and only one complex number.   

(ii) The distance between any two points  and  in the complex 

plane will correspond to the shortest line joining the two points and will be given 

by 
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Example 3 

Show the addition complex numbers can be represented as the addition of two vectors. 

 
 

Fig.3  Addition of two vectors z1 and z2. 

 

Example 4 

Show the subtraction of complex numbers can be represented as the subtraction of two 

vectors. 

 

 
Fig.4: Subtraction of two vectors z1 and z2. 
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Algebraic Properties___  

We discuss the algebraic properties for the complex numbers which are the same as for the real 

numbers. Consider any two complex numbers, say   and , 

(i) The commutative laws :   

 under addition and   

  under multiplication 

(ii) The associative laws :   

   under addition and   

         under multiplication 

(iii) The distributive laws : 

   

(iv) Additive identity (0,0): It carries the number to itself under addition.  

0 + z= z + 0 =z 

(v) Additive inverse : For every number z there exists an additive inverse 

z+(- z)= (-z) + z =0  

They are used to define subtraction as   

(vi) Multiplicative identity 1=(1,0): It carries the number to itself under multiplication 

  z 1= z 

(vii) Multiplicative inverse 

z z-1=1 

For every number z there exists a multiplicative inverse 
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Example 1 : Find the multiplicative identity of a complex number z. 

Soln : We now that anything multiplied with the multiplicative identity should yield the 

number back. Let us assume the number to be any z=(x,y) and  the multiplicative identity  

be I=(x1,y1) then, 

  z I =z 

(x,y) (x1,y1) =(x,y).  

Equating the real and the imaginary parts we get two equations 

x x1–y y1= x   and x y1 + x1y = y  

which can be rearranged as  

y = x(x1–1)/ y1 and y =(x y1)/ (1– x1).  

Equating and solving we get 

  y1
2+ (x1–1)2=0 

 y1=0 or x1=1,  

Thus I = (1,0) is the form of the multiplicative identity for any complex number z. 

Example 2 : Find the multiplicative inverse of a complex number z. 

Soln: The number multiplied by its multiplicative inverse should yield the multiplicative 

identity. 

Let us assume the number to be any z=(x,y), the multiplicative identity be I=(1,0) and to 

be determined  inverse z-1 = (x1,y1) then, 

zz-1= I 

i.e., (x,y) (x1,y1) =(1,0) 

further, 

 x x1–y y1= 1   and  

x y1 + x1y = 0  which implies  x1 = – x y1 / y 

using this value of x1 from second equation and putting in the first we find 

 



Complex Variables and Applications 

11 

Institute of Lifelong Learning, University of Delhi 

 

Which gives , y1=–y/(x2 + y2).  

Similarly,  if y1 = – y x1 / x is substituted instead in the first equation we get   

 

x1=x/(x2 + y2).  

Thus, z-1=(x/(x2 + y2), –y/(x2 + y2)) 

Value addition:  Common Misconceptions 

Heading text: If a product of two complex numbers (z1 z2) is zero, then at 

least one of the two must be zero 

Body text: Image and/or text 

If a product of two complex numbers (z1 z2) is zero, then existence of the 

multiplicative inverse enables to show that that at least one of the two complex 

numbers (z1 or z2) must be zero.  

For this z1 z2=0,  we assume that one of the numbers say z1 0. Clearly if z1 0 then 

the inverse of z1 exists. Hence, 

z2 =1  z2  = (z1 z1
-1 ) z2= z1

-1 (z1 z2 )=0 this implies that if z1 is not zero then z2 is. 

Thus either one or both the numbers z1 and z2 are zero. 

  

Source: Brown Churchill; Complex Variables and applications, 6th ed. 

 

Example 3:  Let z1=(x1,y1) and z2=(x2,y2) be any two non-collinear or 

two nonparallel vectors. If  and  are real numbers such that   z1 

+ z2 =0 then this is possible only if the two scalars  and  are 

separately zero.  

Soln:  The given equation is z1 +z2 =0 

So,   (x1 +i y1)+ (x2+i y2) =0  

Separately we have on equating the real and imaginary parts 

 x1+ x2 =0   and  y1+y2=0.  

Since we are looking for simultaneous solutions we have 
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 However, the slopes of two lines (vectors) can be same only if they are parallel. We are 

given the condition that the two complex numbers are not parallel. Hence separately  and 

 should be zero if the condition of co-linearity is not to be fulfilled. 

Complex Conjugates___  

If  then  is called the conjugate of z and is denoted by . Clearly 

  

and   

All arithmetic operations hold for the complex conjugates as 

  ;

  

 

 

Fig.5: Complex Conjugates are mirror images about the x-axis. 

 

Example 1: If a complex number z is equal to its complex conjugate 

then what can we really infer. 

 

 x+iy= x–iy  

x=x and y=-y. Thus it has to be a real number. 
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Example 2:  If both z1 + z2 and z1 z2  are real. 

z1 + z2 =(x1 + x2)+i(y1 + y2) 

z1  z2 =(x1 x2–y1 y2) + i (x1 y2+x2 y1) 

i.e., y1 + y2=0 thus y1 =– y2  

and x1 y2+x2 y1=0  then  

x1 y2=–x2 y1 

        = –x2 (-y2).  

This means that x1 =x2.  

So if any two numbers whose sum and products are real their real parts are equal. Thus, 

the two numbers are complex conjugates of each other. 

Modulus or Absolute value___  

Since a non-zero complex number can be associated with a directed line segment or a 

vector from the origin. The modulus or the absolute value of a complex number  is 

defined as the non-negative real number 

 

 
Fig.6: Graphical representation of the absolute value of z 
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This definition means that the distance between the origin (0,0) and the point (x,y) is the 

length of the vector that represents this complex number. Obviously when y=0 it reduces to 

the absolute value in the real number system. Thus absolute values of complex numbers are 

the distances between any two points in question here we have considered the origin as the 

reference point.  

 

Value addition: Misconception 

Heading text: We cannot say z1 < z2 unless they are real 

Body text: Image and/or text  

 

We understand that saying z1< z2 has no meaning unless both the complex numbers 

have only their real parts i.e. are real numbers. By z1 and z2 we only mean the 

positions on the complex plane.  

 

However, the statement | z1|<| z2| implies that the point z1 is closer than the point z2 

from the origin. As absolute values of complex numbers are the distances between 

any two points in question e.g. we can say that they are distances from the origin 

and hence are comparable. 

Consider for example, two points 1+2i and -3+I, then 

 |-3+i|=10 and |1+2 i |=5, the point 1+2i is closer to the origin than -3+i 

 

Source:  

 

We have so far talked about distances from the origin. Let us now consider a point z0. The 

distance between the two points z and z0 is constant and equal to R. We can write this as 

        

This corresponds to all the points lying on the circumference of the circle with center z0 and 

radius R. This means 
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Fig.7:Points lying on the circumference and inside the circle with radius R and 

center (x0,y0) 

 

Example : Find the locus of all the points from the center point at 

(1,2) equidistant from it by distance 3.  

Value addition: Example 

Heading text 

Body text: Image and/or text  

Story Board 

Step1: Draw the complex plane with equal divisions 

Step2: Identify the center point with coordinates (1,2)  

Step3: Consider a constant distance of 3 units and with center at (1,2) draw a circle 

with radius 3 

Step4: All the points lying on the circumference of the circle are represented by 

 where z0=(1,2). As can be seen in the figure. 

Source:  

 

Clearly the center is at point C=z0=(1,2), and radius R=3, so we can write 

    

Fig. 7: Circle with center is at point C=z0=(1,2), and radius R=3. 

|z- z0|=R 

|(x,y)- (1,2)|=3 

|(x-1)+i(y-2)|=3 
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 (x-1)2+ (y-2)2=9  

The locus is a circle with center is at point C=z0=(1,2), and radius R=3. 

Curves and Regions in a Complex Plane 

We are now concerned with sets of complex numbers, or points in the z plane. Their 

closeness to each other is also important. We use our important tool now which is 

(i)    

We now know that this equality corresponds to all the points lying on the circumference of 

the circle with center z0 and radius R. As we see in the figure we can consider the center to 

be z0=(a,b) 

 

Fig. 8:  

A  
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Value addition: Points lying on the circumference 

Heading text 

Body text: Image and/or text  

Story Board 

Step1: Draw the complex plane with equal divisions 

Step2: Identify the center point with coordinates (a,b)  

Step3: Consider a constant distance of R units and with center at (a,b) draw a circle 

with radius R 

Step4: All the points lying on the circumference of the circle are represented by 

  is the parametric equation as can be seen in the figure. 

Step 5: It should be noted that the curve is drawn in bold signifying all points 

lying on the circumference. 

Source:  

 

 

(ii)     

This inequality corresponds to all the points lying inside and not on the circumference of 

the circle with center z0 and radius R. As we see in the figure we can consider the center to 

be z0=(a,b) 
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Fig. 9: , all the points lying inside and not on the circumference of the circle 

with center z0=(a,b) and radius R 

Value addition: Points lying inside and not on the circumference 

Heading text 

Body text: Image and/or text  

Story Board 

Step1: Draw the complex plane with equal divisions 

Step2: Identify the center point with coordinates (a,b)  

Step3: Consider a constant distance of R units and with center at (a,b) draw a circle 

with radius R 

Step4: All the points lying inside and not on the circumference of the circle are 

represented by   is the parametric equation as can be seen in the 

figure. 

Step 5: It should be noted that the curve is drawn dotted signifying all points lying 

inside (in the shaded region) and not on the circumference. 

Source:  

 

 

(iii)  Closed Circular Ring 

This inequality corresponds to points lying in the region between two concentric 

circles and also lying on the circumference of the circles with radii R1 and R2 centered 

at (a,b). 
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Fig.10 : , all the points lying in the region between two concentric 

circles and also lying on the circumference of the circles with radii R1 and R2 centered with 

center z0=(a,b). 

Value addition: Closed Circular Ring 

Heading text 

Body text: Image and/or text  

Story Board 

Step1: Draw the complex plane with equal divisions 

Step2: Identify the center point with coordinates (a,b)  

Step3: Consider constant distances of R1 units and R2 units. With center at (a,b) 

draw bold circles with radius R1 and R2. 

Step4: All the points lying in the region between two concentric circles and also lying 

on the circumference of the circles with radii R1 and R2 centered at (a,b) are 

represented by   which is the parametric equation as can be 

seen in the figure. 

Step 5: It should be noted that the curves are drawn in bold signifying that all 

points lie on the circumference of the two circles as well between them . 

Source:  

 

 

(iv)    , Open Circular Ring 

This inequality corresponds to points lying in the region between two concentric 

circles and not lying on the circumference of the circles with radii R1 and R2 centered 

at (a,b). Thus the circles are drawn dotted. 
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Fig. 11 : , all the points lying in the region between two concentric 

circles and not lying on the circumference of the circles with radii R1 and R2 centered with 

center z0=(a,b). 

Value addition: Open Circular Ring 

Heading text 

Body text: Image and/or text  

Story Board 

Step1: Draw the complex plane with equal divisions 

Step2: Identify the center point with coordinates (a,b)  

Step3: Consider constant distances of R1 units and R2 units. With center at (a,b) 

draw bold circles with radius R1 and R2. 

Step4: All the points lying in the region between two concentric circles and not lying 

on the circumference of the circles with radii R1 and R2 centered at (a,b) are 

represented by   which is the parametric equation as can be 

seen in the figure. 

Step 5: It should be noted that the curves are drawn dotted signifying that all 

points lie between the two circles and not on the circumference of the two 

circles. 

Source:  

 

 

The set is open if it contains none of the boundary points and closed if it contains all of its 

boundary points. We have examples as 

(i)  is an open set  

(ii)  is a closed set. 

(iii)  is neither an open nor a closed set. 

 

Polar form of the Complex Number 

Let r and  be the polar coordinates of the point P(x,y) which corresponds to a non-zero 

complex  number . 
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Fig. 12: The polar form of the complex number. Specifies the argument arg z=  

 

Since, the projection along the x-axis and the y-axis can be written as  

  

  

z can be expressed in the polar form as 

   

and in short we can also in short write  . Clearly here, 

 

 is the modulus or absolute value of z denoted by |z|. It is the length of the vector 

(directed line segment) representing z. So it is important to note that r cannot be negative. 

 : it is the real number called an argument of z written as arg z. Geometrically the arg z 

denotes the angle measured in radians, that the vector z makes with the positive x-axis 

(real-axis). Hence it has any one of the infinite number of real values differing by integral 

multiples of 2π. These values can be determined by the equation 

   

where, the quadrant containing the point (corresponding to z) must be specified. 

i.e. in general 
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here, n=0,±1, ±2,… and is the modulus of z and  is any particular value of arg z. Any 

complex number written in polar coordinates is understood to be non-zero as if z=0,  is 

undefined. Also for any complex number z0 there corresponds only one value of  in 

. Further, any other interval of length  can also be chosen such as say 

. 

However, any particular choice that is decided in advance is called the principal range 

defined by . Usually the principal value of arg z, defined by  is a unique 

value of arg z such that . Here we can note again that  includes 

the value of , but not . In general for `n’ being any integer 

 

And thus we can write  

  

We can also use the symbol , or , which is defined as the Euler’s formula for 

any real value of  as 

   or  

And neatly in exponential form we can express the complex number in the polar form as  

  or    

And again as earlier, is the modulus of z and  is any particular value of arg z. We can 

also generalize and write this polar form as 

 

Example:  Consider a complex number 2-2i, lying in the fourth quadrant. Write its 

polar form and subsequently explain the principal range. 
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Fig. 13: The polar form of the complex number 2-2i 

 

Value addition: Polar form of the complex number 2-2i 

Heading text 

Body text: Image and/or text  

Story Board 

Step1: Draw the complex plane with equal divisions 

Step2: Identify the point with coordinates (-1,-2)  

Step3: Consider the angle  , measured in radians, that the vector z makes with 

the positive x-axis (real-axis). This will be the arg z which specifies the quadrant 

in which the number is. Draw this 

Step4: We know the values of x and y and we can find r the distance that the vector 

makes from the origin. 

Step 5: Once we know r and   we can in general write 

 
Source:  

 

 

Given , here x=2 and y=-2. The length of the vector (directed line segment) 

representing z  is 

 

 and this vector makes an angle  with the positive x-axis as 

 .  
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We must write the polar form such that the quadrant of the directed line segment is 

specified. Thus we can write for  the polar form as 

 

 However, since the principal value of arg z, defined by  is a unique value of arg 

z such that . Since, 

  

For n=1, we have  

 

Thus for the number  the principal value is  . 

In addition the polar form for the given complex number can be written using the Euler form 

as  

 

Example:  Understanding the equality of two non-zero complex numbers via the polar 
form 

 

Fig. 14: Complex number z represented in polar coordinates. 
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Value addition: Understanding the equality of two non-zero complex 

numbers via the polar form 

Heading text :  

Body text: Image and/or text  

Story Board 

Step1: Draw the complex plane with equal divisions 

Step2: Identify any point . This point lies on a circle with radius r and 

centered at origin.  is the arg z 

Step3: As  is increased, z moves around the circle in counterclockwise direction.  

Step4: However it is observed that when  is increased by  we are back at the 

original point. This also holds when  is decreased by . Thus we reach the same 

point by increasing or decreasing by multiples of . 

Step 5: Thus any  and  , the non-zero complex numbers are 

equal if and only if and where n is some integer. 

Source:  

 

 

Example:  Write the parametric representation of a circle (i) centered at the origin 

(ii) displaced by z0 
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Fig. 15 : Parametric representation of a circle. 

(i) We can choose any point  for r=R. This point lies on a circle with radius r=R 

and is centered at the origin.  is the arg z as is clear from fig 14. The parametric 

representation of such a circle is  

  or  

The parameter here is . Any point starts to move from the positive x-axis where  

and as  varies from  it traces out a circle and finally reaches back to the same 

point when .  

(ii) The center of the circle can be displaced by z0 from the origin. The parametric 

representation of such a circle will be now  

  or  

This is as seen vectorially in Fig 15.The point z now travels in counterclockwise direction and 

as  varies from  it traces out a circle. This circle of radius R is traced out when 

each point corresponds to the sum of the fixed vector z0 and a vector of length R whose 

inclination varies with .  
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De Moivre’s Formula 

If we define two complex numbers as  

 

 

Their product is  

 

And fraction 

       

Product of n such numbers yields 

 

and if     

then    

Or       

for all value of n which are integers. This is the De Moivre’s Theorem. This can be 

proved by using the principle of mathematical induction. For this it is assumed that the 

result is true for a particular positive integer k i.e., 

   

Multiply by (cos k + i sin k ) on both sides 

(cos  + i sin  )k+1 = (cos  + i sin  ) (cos k + i sin k ) 

      =(cos(k+1) + i sin (k+1) ) 

Thus the result is true for n=k and then it also holds for n=k+1.  

Also the Euler’s formula can be used for the justification as 
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Thus for any  and  exponentially their product can be written as 

 

Further, 

 

Thus extending this to n terms we have 

 

 

From here we can very easily write the polar form of the multiplicative inverse as 

 

Example:  Using De Moivre’s theorem prove the identity 

   and 

 

Soln: According to the De Moivre’s Theorem 

 

If we consider r=1, and n=5 

 

We can open the left hand side using the binomial expansion as 

 

where we know that the binomial coefficients 

 

and write 
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Equating the real  and imaginary parts of the above two equations we get 

 

 

Substituting for  we get 

 

 

Roots of Complex Number 

A number  is called an nth root of a complex number z if  

       or   

Consider any general non-zero complex number expressed as 
 where .   

Further, considering that  is the nth root of z and is non-zero we can define it as 

 

Then from De Moivre’s theorem 

 

which we can use to write 

 

i.e.,   

Equating the absolute values we get 
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where the root is real positive and is uniquely determined. By equating the arguments we 

get 

 

Or  

 

Evidently all the n distinct roots will be obtained only for values of . No 

further roots will arise for other values of k. They will be mere repetitions of the existing 

ones. Thus 

 

It follows that there are n different values for  i.e. n different nth roots of z. In the 

complex plane these roots are represented by radii of the circle with center at the origin and 

radius  spaced at equal intervals of  beginning with the radius whose angle is . 

Example:  Find the values of z for  z5+32=0  and geometrically locate these values on 

the complex plane. 

We can write the equation as z5=-32 or z=(-32)1/5.  

 

Fig. 16: Plotting -32 on the complex plane 

Expressing -32 in the polar form we can write 

  where   

Applying De Moivre’s theorem  we have 
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     where now  

 

Thus for , we have  

for , we have  

for , we have  

for , we have  

for , we have  

By considering values of k=5,6,… as well as negative values like k=-1,-2, …  repetitions of 

the above five values of z are obtained. Hence, these are the only five roots and are 

collectively called the fifth roots. 

 

Fig. 17: The roots lying on the vertices of a regular pentagon circumscribed in a circle of 

radius 2. 
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On the complex plane these are values that are equally spaced along the circumference of 

the circle with radius r=2 and centre at the origin. These roots are represented by the 

vertices of the regular polygon in this case a regular pentagon as can be seen in the figure. 

 

nth roots of Unity 

In general complex number 1 can be expressed as 

 where .   

The nth root of unity will be if  

       or   

As long as z is non-zero we can express 

  

and see that for the values of r and  we have 

 

 Or        

for all values of  from which it follows that  and . Thus it 

follows that 

  

If we represent    

then the nth roots are   

Geometrically, the roots represent the n vertices of a regular polygon of n sides inscribed in 

a circle with centre at the origin and of radius one. This circle will have the equation |z|=1. 

They are equally spaced around the circle every  radians 

Example:  Find the 2nd ,3rd, 4th and 6th roots of unity and show them 

diagrammatically. 

Soln: We know that the nth roots of unity can be written as 
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The roots will given by  

Clearly for cases n=2, 3, 4 and 6 we will have the roots given by   and  and 

 and 
 
respectively. These are as shown in the figure. 

Geometrically, the roots represent the vertices of the diameter of a unit circle, an equilateral 

triangle, a square and a hexagon respectively inscribed in a circle centered at the origin and 

of radius one. This circle will have the equation |z|=1. They are equally spaced around the 

circle every  radians where n=2, 3, 4 or 6. 

 

Fig. 18: The nth roots of unity, n=2, 3, 4, 6 as shown. 

Example:  Find the cube roots of (-27i) and show them diagrammatically. 

Soln: We only need to write the complex number 

 

 

Fig. 19: The complex number -27i plotted on the Argand diagram 

we write  
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Thus 

  

The roots are then  

 

The roots lie on the vertices of a equilateral triangle inscribed in a circle centered at the 

origin and of radius three, i.e. |z|=3. They will be equally spaced around the circle by  

starting from the principal root, which will be for k=0 

 

 

Analytic Functions   



Complex Variables and Applications 

35 

Institute of Lifelong Learning, University of Delhi 

 

Let us consider a set  of complex numbers, . We define a function  as a rule that assigns 

each complex number  existing in set  a complex number  . This complex number  is 

the value of  at  or the image of   under   and is denoted by . We say that  maps 

 to . 

                                                

 

dependent                   independent  

variable   variable 

 Here  is the dependent variable and  is the independent variable. The set  is called the 

domain of . The set of all possible values of  is called the range of . However the 

point to note is that to each value of  there may correspond one or more values of the 

complex variable . 

Let us define the complex number    

Since it is the value of the function  

This yields the set of transformation equations  

 

 

We define the z-plane with the coordinate axis x and y while the  plane as that with 

coordinate axis u and v. Both u and v are functions of x and y. 

If polar coordinates are used then  

 

this yields the set of transformation equations  
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Example:  Find the transformation equations in cartesian and polar coordinates for a 

function defined by   

Given the function  

This yields the set of transformation equations in Cartesian coordinates as 

 

 

When the polar coordinates will be used we can write 

 

the set of transformation equations for the polar coordinates will thence be 

 

 

We  examine transformations such as translation, rotation and reflection. These convey 

dominant geometric characteristics of certain mappings from a domain to a range e.g. we 

have 

 the mapping , translates each point in the z 

plane by a unit of one in the  plane to the right. 

 the mapping , rotates each non-zero point in the z 

plane counterclockwise through a right angle about the origin in the  plane. This is 

because  

 the mapping   , reflects each point in the z plane about the real 

axis. 

Single and multiple valued functions 

In a multi-valued function every input is associated with one or more outputs. Strictly 

speaking, a "well-defined" function associates one, and only one, output to any particular 

input. The term "multi-valued function" is, therefore, a misnomer: usually true functions are 

single-valued.  

 If only one value of  corresponds to each value of z then  is single valued 

function of z. 
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Fig. 20: Shows one-one correspondence. E.g.  

 

 If more than one values of  correspond to each value of z then  is multiple 

valued function of z. i.e. A multi-valued function assumes two or more distinct values 
in its range for at least one point in its domain. 

  
Fig. 21: Shows two distinct values for each point z in the z-plane. E.g.  

 

 A multiple valued function can be considered as a collection of single-valued 

functions, each member of which is called a branch of the function. 

 One particular member is considered as the principal branch of the multiple valued 

function and the value of the function corresponding to this branch is the principal 

value. 

While the trigonometric, hyperbolic, exponential and integer power functions are 

examples of some single-valued functions, their inverses are multi-valued 

functions. The complex logarithm function is multiple-valued. The values assumed by 

 for all integers n. Inverse trigonometric functions are multiple-valued because 

trigonometric functions are periodic.  The indefinite integral is a multi-valued function of 

another function "f". Its domain "X" is a set of functions. For any input "f", it yields infinitely 

many possible solutions (the anti-derivatives of "f"). We will discuss each of these soon. 

Consider an example, the function . This maps each complex number  to a well-

defined number , and thus is single-valued. However, the function  , for each 



Complex Variables and Applications 

38 

Institute of Lifelong Learning, University of Delhi 

 

value of complex number  maps to the two values . Though a unique principal value 

can be chosen for such functions (in this case, the principal root will be the positive one), 

the choices cannot be made continuous over the whole complex plane. Each real or complex 

number except 0 has two square roots. The lines of discontinuity must occur.  The 

discontinuities of multi-valued functions in the complex plane are commonly handled 

through the adoption of branch cuts and using Riemann surfaces which we shall explain 

later.  

In physics, multivalued functions play an increasingly important role. They form the 

mathematical basis for Dirac’s magnetic monopoles, for the theory of defects in crystal and 

the resulting plasticity of materials, for vortices in superfluids and superconductors, and for 

phase transitions in these systems, for instance melting and quark confinement. They are 

the origins of gauge field structures in many branches of physics. 

 
 

Limits 

Let there exists a function f(z) which is defined at all points and is single valued in a 

neighborhood of the point at  with the possible exception of the point  itself. This 

function  will have a limit at say  as z approaches the point z0 if for every positive real 

number  (small but not zero) we can find another positive real number  such that for the 

values  in the domain  we have  . 

 

Fig. 22: As  approaches limit , z approaches z0 
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This means that the values of  are as close as desired to  for all values of z close to z0. 

Thus we express 

 

This definition of the limit specifies that 

 z may approach z0 from any direction in the complex plane. 

 When the limit of the function exists it is unique i.e. is only one of a kind 

 If the function f(z) is multiple valued, the limit z z0 will depend on the particular 

branch. 

Example:  Consider a function .  Prove that  does not exist. 

Soln: We know that if the limit of the function exists it is unique. So to prove that the limit 

does not exist we will actually prove that there exist more than one limit. Thus for the limit 

to exist it must be independent of the manner in which z approaches the point 0.  

 

Fig.23: z approaches the point 0 first along x-axis then along y-axis. 

Let z approach 0 along the x-axis then  and 

  and   

So we get   

Now let z approach 0 along the y-axis then  and 

  and   

So we get   
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Since both the approaches (viz., an approach to the origin via x-axis and an approach to the 

origin via y-axis) yield different results, the limit does not exist. 

Theorems on Limits  

Theorem 1: Suppose that, ,  and  then 

 

If and only if  and  

Theorem 2: Suppose that  and    

Then  (i)    

(ii)    

(iii)   if,   

Limits involving points at infinity 

 

Fig. 24: Extended complex Plane 

The complex plane together with the point at infinity, denoted by  is called the extended 

complex plane. This can be visualized by considering the complex plane as passing through 

the equator of unit sphere centered at the point z=0. Let the North pole denote the point at 

infinity. Now for every point z there corresponds a point P on the surface of the sphere. This 

point P lies on the surface of the sphere and is the point of intersection of the line through 

the north pole N of the sphere to the point z. There is one to one correspondence between 

the points P (on the sphere) and points z (on the extended complex plane) which means 
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exactly one point z each for point P and vice versa. The sphere is known as the Riemann 

sphere and the correspondence is called a stereographic projection. 

Value addition: Extended Complex Plane 

Heading text :  

Body text: Image and/or text  

Story Board 

Step1: Draw a sphere 

Step2: Draw a plane passing through the equator. 

Step 3: Point N denote as the north pole. 

Step4: Pierce through the north pole a needle and let it pass through a point P on 

the surface and meet the extended complex plane at z. 

Step5: The sphere is the Riemann sphere and the correspondence is called a 

stereographic projection. 

Source:  

 

 

For each small positive number  those points on the complex plane exterior to the circle 

 correspond to points on the sphere close to N. We then call the set  an  

neighborhood, of .  

Example:  Consider a function .  Find  . 

Soln: For limits at infinity we use the transformation  

 

As ,  Thus, 
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Continuity  

Let there exist a function  which is defined at all points and is single valued in a 

neighborhood of the point at  and at the point itself. This function will be 

continuous at  if 

 

This definition of continuity demands that 

  must exist 

  must exist separately. 

 Both  and   must be equal i.e., .  

Thus the function must have both the value at the point as well as the limit at the 

point, and the two must be equal. 

This function  will be continuous at  if for every positive real number  (small 

but not zero) we can find another positive real number  such that in the domain 

 we have  

A function of a complex variable is said to be continuous in a region R if it is continuous at 

each point in R. We have a removable discontinuity if  exists but 

  

and if we can now redefine  to be the same as  the function will become continuous.  

To examine the continuity of at  we place  and examine the continuity of 

at . 

Continuity in a Region  

 A function is said to be continuous in a region if it is continuous at all the points of the 

region. 

Theorems on Continuity  

If two functions  and  are continuous at  then the sums , 

differences , products  and quotients  if  are 

continuous functions too. 
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1. Continuous functions in every finite region are (i) polynomials (ii) exponentials (iii) 

sine or cosine functions. 

2. Continuous function of a continuous function is continuous e.g., If  is 

continuous at  and  is continuous at 0 and if , then  

called function of a function or composite function is continuous at .  

3. If  is continuous in a closed region, it is bounded in the region i.e., there exist a 

constant  such that , for all of the region. 

4. If  is continuous in a region then the real and imaginary parts of   are also 

continuous in the region.  

 

Example:  Consider a function .  Is it continuous 

in the complex plane. 

Soln: This function is continuous everywhere in the complex plane since its real and 

imaginary components are continuous at each point (x,y). The continuity of the component 

functions is a consequence of the continuity of polynomials and exponentials in x and y as 

well as the trigonometric and hyperbolic functions. 

Derivatives of a Complex Function 

If  is single-valued in some region , then 

  

is the derivative of the function  at point . This will exist provided the limit exists 

independent of the manner in which the  approaches .  The  is said to be 

differentiable at  when its derivative at  exists.  

Thus there is a complex number  for which a positive real number  (small but 

not zero) we can find another positive real number  such that in the domain  

we have  

If we express the variable  in terms of a new complex variable  then we can 

write 
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The definition of limit implies that the function  is defined in a neighborhood of  and 

thus by that definition  may approach  from any direction. The differentiability at  

means that along whatever path  approaches , the quotient will always approaches a 

certain value and all the values are same. However, we must note that, because is defined 

throughout a neighborhood of z0, the number   is always defined for  

adequately small. 

         

 

Fig. 25: Here   may approach  from any direction 

If we drop the subscript on z0 we can introduce for any z  

 

Then we can write  

Example: Using the definition of derivative find the derivative of function 

 .   

Soln.: The derivative at z=z0 is  
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Analytic Functions 

If the derivative  exists at all the points  of a region R, then  is said to be 

analytic in R. 

Example: Show that  does not exist anywhere i.e.,  is non-analytic 

anywhere 

Soln.: By the definition of the derivative.   

 

If this limit exists independent of the manner in which   approaches zero, then 

the  also exists. Limit is unique, then we find 

 

 

 

If  then   

If  then   
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Since the limit depends on the manner in which , the derivative does not exist, i.e. 

 is non-analytic anywhere.  

Theorem  

Existence of the derivative of a function at a point implies the continuity of the 

function at that point. The reverse is not necessarily true. 

Let us assume that  exists. This means that  

  

has a unique value since it’s the limiting value at z0. Now we can write 

       

taking limits on both the sides we see 

       

 

      

 

This implies that  i.e.,  

Showing that  [having a limit at  defined by ] is continuous at . We must 

note that a continuous function need not have a derivative.   

Example: The function,  is a continuous function but  is non-analytic as is 

shown in earlier example. 
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L ‘Hospital Rule  

Let (i)  and  be analytic in a region containing the point and suppose that (ii) 

 but (iii)  

Then L’ Hospital rule states that 

 

In case  the rule may be extended. Left hand side has indeterminate 

form 0/0. Limits represented by indeterminate forms /, 0. , 0,00, 1, -  can often be 

evaluated by appropriate modifications to the L Hospital rule. 

Proof:   

If  and  be analytic in a region then 

 

 

Similarly 

 

 

Now if  then 

 

Similarly 

 

where,   

 



Complex Variables and Applications 

48 

Institute of Lifelong Learning, University of Delhi 

 

 

Cauchy Riemann Conditions in Cartesian form 

The (a) necessary and (b) sufficient conditions for a function  to be 

analytic (have a derivative) in a region is that the Cauchy Riemann Equation  

 and    

be satisfied in R where it is supposed that these partial derivatives are continuous 

in R. 

Suppose that the function  is defined and we write 

   

Then, the first condition of ‘necessity’ demands that in order for the function  to be 

analytic the limit 

      

must exist independent of the manner in which (or  and ) approaches zero i.e., we 

are to find  

  

 



Complex Variables and Applications 

49 

Institute of Lifelong Learning, University of Delhi 

 

 

Fig. 26:  (or  and ) approaches zero 

 

And in evaluating this double limit, we can take x 0 and y 0 in any order. But the 

derivative   should be independent of the path we take in making z approach zero. 

 Path 1: y=0, x 0 then z =x 

Using this in above equation we get 

   

 and are partial derivatives with respect to x and these partial derivatives must exist. 

As x 0, the limit gives 

  

Path 2: x=0, y0 then as z =i y 

Using this in above equation we get 

   

and are partial derivatives with respect to y and these partial derivatives must exist. 

As y 0, the limit gives 
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We note that the existence of the derivative implies the existence of four partial 

derivatives. Further, uniqueness of the derivative requires that the expressions for be 

equal. Thus, the necessary condition that  be analytic is  

.  

By equating real and imaginary parts we have the two sets of equations as 

 

 

These basic relations are known as Cauchy - Riemann conditions. These were derived by 
Cauchy and used extensively by Riemann. For any function to have a derivative at a point 

the necessary and sufficient condition is that the function be defined at that point and its 

neighbourhood and that the first partial derivatives with respect to  and  exist and satisfy 

the Cauchy Riemann conditions. 

Sufficiency 

Suppose the function  is defined throughout the  neighborhood of a 

point  and at the point z0. Also assume that the first partial derivatives of u and v 

with respect to x and y exist in that neighborhood i.e., (x0,y0) exist . Further, if these partial 

derivatives do satisfy Cauchy Riemann conditions  

  

then the derivative of  i.e.,  exists at that point. 

,  

Now,  

 

Adding and subtracting  
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we can write in the form of partial derivative as 

 

 

where, the partial derivatives are supposed to be continuous and,  

 as  

 as  

Similarly, since  and  are supposed to be continuous we have  

 

 

and,  as ,  as  

Then on substituting these values of  and  we get  

 

 

 

on applying Cauchy Reimann equations we get 

 

 

here again 

 as  

 as  

On dividing by  and taking the limits  we see that  
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and since also tends to zero then 

 

Thus if the Cauchy Riemann conditions are satisfied then the function is differentiable and 

we can express the form of differential as 

  

 

Example: The function,  is non-analytic using the Cauchy Riemann 

equations. 

Soln: Given the function . We will have  and . Thus  

    and  

   and . We see that    and  

Since one of the Cauchy-Riemann equations is not satisfied the function is non-analytic. 

Example: Using the Cauchy Riemann equations find the analyticity of 

the functions, (i)   (ii)  (iii)  . 

Soln: (i) Given the function . We will have 

  and . Thus  

     and   

    and . We see that both the Cauchy-Riemann equations are 

satisfied and thus the function is analytic as  and  

(ii) Given the function . We will have 

  and . Thus  
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    and   

   and . The Cauchy-Riemann equations are not satisfied and 

thus the function is non-analytic as  and  

(iii) Given the function . We will have 

  and . Thus  

     and   

    and . We see that both the Cauchy-Riemann equations are 

satisfied and thus the function is analytic as  and  

 

Harmonic Functions 

So far, if  then the Cauchy Riemann conditions  

and , where the first partial derivatives with respect to x and y 

are continuous. Now if the first and the second derivative of u and v with respect 

to x and y exists and are continuous in a region R then from the above 

  

  

and it follows that under these conditions the real and imaginary parts of an analytic 

function satisfy the Laplace’s Equation denoted by , 

  

 The operator 2 is often called the Laplacian function which satisfy Laplace’s Equation in a 

region R are called harmonic functions and are said to be harmonic in R. 

Theorem  
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If   is analytic in region R, then prove that u and v are 

harmonic in R (if they have continuous second order partial derivatives). 

Proof: If   is analytic in region R, then the Cauchy Riemann 

conditions  and  where the first partial derivative with respect 

to y are continuous are satisfied in R. 

If u and v have continuous second order partial derivatives, we differentiate first condition 

with respect to x and y to get  

 ,  

Equating  

,  

Thus u and v are harmonic. 

Example: Given a function . Check for the (i) 

harmonicity of the function, (ii) Can we find a harmonic conjugate to 

this function. If yes then find it. (iii) Write the analytic function 

whose real part is U and then find the derivative as   

Soln: Given     

(i)     and    

 

The Laplace’s equation is satisfied by U. Thus U is harmonic in nature.  

(ii) Since, U is harmonic function, therefore its harmonic conjugate will exist. 

Let us assume that V is the harmonic conjugate. If it is then the Cauchy Riemann equations 

must be satisfied by this function and we must have: 

  and   
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 ----(A)   and  ----(B) 

Integrating equation (A) with respect to y and keeping x constant we get 

   ----( C )  

Now we differentiate this with respect to x so that we can compare it back again with (B) 

and get 

 

Which on comparing with (B) yields 

        

We integrate this function with respect to x and get 

 

Hence, V is the function which we write from ( C) after substituting for  as 

 

(iii) The analytic function will be defined as  

 

The derivative of this function we write as 
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Value addition: A short cut to find the derivative of a complex number 

Heading text : If   and   then  

 

Body text: Image and/or text  

Story Board 

 

Step1:  A complex number z=x + i y can be written as z=x for y=0. 

 

Step2: Thus since we know from the Cauchy Riemann equation that  and 

 So the derivative can be written as  

 

 
 

Further,  

 
 

Step 3:Putting y=0, we get  

 
 

Step4: Replacing each x by z, we have 

 
 

Step 5: We can verify this for the above example where  as 

 

 

 
and since  

 

Which is the same as evaluated in the earlier example. 

Source:  
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Value addition: Did you know ? 

Heading text :  

Body text: Image and/or text  
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Step1:  If two functions U and V are to be harmonic conjugates of each other, then 

both U and V must be constant functions.  

Step2: If V is the harmonic conjugate of U in domain D then, -U is a harmonic 

conjugate of V in the same domain D.  We can write the 

  and  

And note  is analytic in a domain if and only if is analytic there. 

 

Source: Churchill 

 

 

1.2.8  Cauchy Riemann Conditions in Polar form   

Polar Form of Cauchy Riemann Equation 

 

Fig. 27: The polar coordinates for any complex number P(x,y) 

The polar coordinates for any complex number P(x,y) are given by 

 and ,  

,  ,  

thus we can write 
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Since we can express  we can further write 

 

 

 

 

 

 

Parallelly, 

 

 

 

 

From the Cauchy Riemann conditions we equate 

 

 

 -----(A) 

and  
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  ----(B) 

Multiply equation (A) by   and (B) by   and add to get the first condition as 

 

Or  

 

Now multiply equation (A) by    and (B) by   and add again to get the second 

condition 

 

Or  

 

These two conditions are the Cauchy Riemann equations in polar form. 

The derivative which we know in the Cartesian form as 

 

Can also be expressed in polar coordinates 

 

 

 

We must note that in the Cauchy Riemann conditions, in polar form r0 as point r=0 is the 

origin. Thus polar form cannot be used at the origin. Using the polar Cauchy Riemann 

equations  

and    we get 
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Example : Prove that the real and imaginary parts of an analytic 

function of a complex variable when expressed in polar form satisfy 

the equation 

 

Soln: We use the polar Cauchy Riemann equations  

and    .  

To eliminate v differentiate the first condition with respect to r and the second with respect 

to  we get size 14) 

 

 

Equating the two partial derivatives we get 

 

 

By eliminating u and rearranging we get  
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Elementary Functions   

Exponential functions 

The exponential function  is defined by the same power series in z as  is represented by 

real x 

 
 

From Cauchy-Riemann equations, we can show that  is an analytic, in fact an entire 

function in the z-plane. The most important property of the exponential function is the 

functional equation 

 

If  and  then it readily follows that  . It follows that 

. The function has a number of properties that are not shared by  . For 

example  

 

 
For all values of z as , the function  is periodic with a pure imaginary period of 

.  Further,  is never negative while there are values of  that are negative. 

 

Example: Find the values of z for,   

Soln: We can write 

 
Thus, we have 

 
 

Equating the real and the imaginary parts 

 

 and  

 

Thus, we have 
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Logarithmic functions 

The logarithm function be defined for any non-zero complex number as 

  

Now if and  then 

 

 

Thus   or and  

 

                  

If be the principal argument of z i.e., then ; 

 thus 

 

 

Clearly, the function  is a multiple valued function with infinitely many values. 

All these values have the same real parts but differ in their imaginary parts by integral 

multiples of . We can note that for all values of n 

 

 

for  the resulting branch of the logarithmic function is called the principal branch 

and will be denoted by . Further we can also write 

 

 

 is identical with the ordinary logarithm when  is real and positive. 
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Example :  is always true but the reverse  is not always 

true 

Soln.: This we can show as  

 

which we can expand and write      

Since for any r,  is always true  is always true. 

Further, 

 

and  

when  we see 

 

         

Thus reverse  is not always true as there now exist multiple values for 

the same z with a period of .  But if , or the number  is confined to the 

horizontal strip  and that the principal values of the logarithmic functions are 

taken, then, since . Thus i.e. for n=0 we 

have only the principal values. 

Value addition: Did you know ? 

Heading text : If z1 and z2 be any two non-zero complex numbers then ln(z1 

z2)=lnz1+ln z2 

However, in general Ln(z1 z2)Lnz1+Ln z2 

Body text: Image and/or text  

Story Board 

Step 1:  For any two non-zero complex numbers and  we can write their 

arguments  
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Step 2: Further for the product 

 

 
 

Step 3: Thus, clearly we can have a combination for the integers as  

leading to  

 
Thus, taking the logarithm we get  

 

 
Now that 

 
And again following the above condition that  

 

 
Which is 

 
 

Step 4: However, the principal values are defined as  

 

 
 

It is not necessary that both the complex numbers have the same principal value, 

thus    which leads to    

 

Source:  
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Similarly  

Value addition: Did you know ? 

Heading text : If z1 and z2 be any two non-zero complex numbers then 

ln(z1/ z2)=lnz1-ln z2 

However, in general Ln(z1 / z2)Lnz1-Ln z2 

Body text: Image and/or text  

Story Board 

Step 1:  For any two non-zero complex numbers and  we can write their 

arguments  

 
 

 
 

Step 2: Further for the fraction 

 

 
 

Step 3: Thus, clearly we can have a combination for the integers as  

leading to  

 
Thus, taking the logarithm we get  

 

 
Now that 

 
And again following the above condition that  

 

 
Which is 

 
 

Step 4: However, the principal values are defined as  

 

 
 

It is not necessary that both the complex numbers have the same principal value, 

thus    which leads to    
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Source:  

 

 

Complex Exponents 

For a non-zero complex number  if  is any complex number exponent then the 

function  
 
is defined as 

 

where  is the multiple valued logarithmic function. 

Example: Using the powers of z as  or    find the principal 

value of  

Soln.: Since  

We can write  

 

Now we know that  it follows for  that 

 

Fig.28 : Polar rep of z=1-i 
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Thus, 

  

For k=0 we have the principal value 

 
 

 

 

 

Example: Find the principal value of  

Soln.:  Since, we know that if  then we can write . Now for  and   

we can write 

 

 

Fig. 29: The point z=I on the argand plane. 

For k=0 we have the principal value 
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Complex Bases 

For a non-zero complex number  if  is any complex number then the function 
 

is defined as 

 

 

 

where  is the multiple valued logarithmic function.  

Example: Find the principal value for  

Soln.: Since we can write  

 

Fig.30: Polar representation of  

Now we know that  it follows for  that 
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 As we remember that the  is the angle which the complex number  makes with the 

positive z-axis. Thus, using  we have 

 

Trigonometric functions 

The geometrical definition of  (opposite side/hypotenuse) in a right-angled triangle 

loses its meaning, when angle  is replaced by a complex number. We define sin z and cos z 

in terms of power series as: 

 

 

Let us write the exponential in  

 

 

 

which is the Euler’s formula. Thus very naturally we can define the sine and cosine functions 

of a complex variable as 

       

We can show that 

 

By expressing 
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 The following trigonometric identities can be established using the exponential forms as 

 

 

  ,    ,  , 

  ,   

We can also express 

 

 

From calculus we can write  and  

The periodic character of sin z and cos z follows as  

   ,   

   ,   

And also  

 

 

It is obvious from these equations that sin z and cos z are not bounded in absolute value. 

However, the absolute values of sin x and cos x are  for all real values of x. 

The other four trigonometric functions are defined in terms of sine and cosine by relations 
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The functions tan z and sec z are analytic everywhere except at the singularities which will 

be according to cos z=0, while cot z and cosec z have singularities when sin z=0. By 

differentiating the right hand side of above equations we get 

  

 

 

 

ZEROS  OF A FUNCTION 

If  is zero for a value of  i.e.  then  is said to be a zero of the 

function 

Example: Find the zeros of the sine function  

The condition for a zero is 

 . 

The condition to be satisfied simultaneously reduces to 

  and   

 

For and real,  and the first condition gives  

which occurs for   However, for these values   , cos x does not 

vanish. So it is also required that . From the definition of  we note that 

 is satisfied only for . Therefore, 

 

 occurs for  and   

or  for  
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Hyperbolic functions 

The hyperbolic sine and cosine functions for any non-zero complex number are defined as 

     

We have shown earlier that  and are analytic or entire functions, this implies that the 

sinh and cosh are also entire functions.  We can prove the same for let us say cosh z 

 

 

Thus,        

For  special case when x=0, we can write 

 

Comparing the hyperbolic sine and cosine functions in their exponential forms with the sin z 

and cos z we can conveniently write  

                and    

                and    

                and    

We can use these identities to leads us to 

 

 

 

The following identities are also established  
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Further,  

  ,   

Some definitions that follow 

 

 

The derivatives are defined by relations 

 

Since the sinz and cos z functions are periodic it follows that sinh z and cosh z are also 

periodic but with a period  

Example: Find the zeros of the cosh z and sinh z function  

Soln.: The condition for a zero of a function is 

(i)  . 

The condition to be satisfied simultaneously reduces to 

  and   

 

For and real,  and the first condition gives  

which occurs for   Form the second condition we observe that, for 

these values of , sin y  does not vanish. So it is also required that . From the 

definition of  we note that  is satisfied only for . Therefore, 

 

 occurs for and    

or  for  

 

 
(ii)  

Using another way we can also find the zeros of sinh z by using the relation 
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The condition to be satisfied simultaneously reduces to 

 and   

 

For , we note that  is satisfied only for .  

The condition   occurs for    

   

Thus the zeros are at 

  for  

 

Example: Prove    and  

Soln. : 

 

Since we can prove very easily  

 

 

 

 

Thus we can also write  

 

Further again as, 

 

Since we can prove very easily 

 

Thus we can also write  
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Inverse Trigonometric and Hyperbolic functions 

The inverses of the trigonometric and hyperbolic functions can be expressed in terms of the 

logarithmic functions. 

To define the inverse function of  which we can write further as 

 

 

which on solving yields the quadratic equation 

 

 

Having roots as    

Finally by taking the logarithms on both the sides and solving we get 

 

Since the logarithmic is infinitely many valued, so too is , a multiple-valued function 

with infinitely many values at each point z. 

Similarly, we define the inverse function of   which we can write further as 

 

 

which on solving yields the quadratic equation 

 

Having roots as   

Again taking the logarithms on both the sides and solving we get 
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Since the logarithmic is infinitely many valued, so too is , a multiple-valued function 

with infinitely many values at each point z. 

Example: Prove  

Soln. :Let the given function be  which we can express as 

 

which on solving yields  

 

 

Since      

 

Again taking the logarithms on both the sides and solving we get 

 

The principal branch  is for k=0, Thus 

 

Value addition: Did you know ? 

Heading text : Inverse trigonometric and hyperbolic functions are multiple 

valued functions 

Body text: Image and/or text  

Story Board 

 

Step 1:  We have proved earlier that  is always true but the reverse  is 

not always true.  

Showing that exponential functions and logarithmic functions differed from each 

other in the fact that a logarithmic function is a multiple valued function. 
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Step 2: Further the trigonometric and the hyperbolic functions can be expressed as 

combinations of the exponentials as 

 

      

while the inverse trigonometric and the hyperbolic functions are expressed as 

logarithmic functions as 

 

 
Step 3: Thus, clearly Inverse trigonometric and hyperbolic functions are multiple 

valued functions 

 

Source:  

 

 

Integrals   

We have learnt to evaluate the derivative of a complex function. Now we consider 

integration of a function of a complex variable in the complex plane. This may be regarded 

as a generalization of the method of Riemann integration for a real function along the real 

x-axis. For a real function  bounded and defined on the interval  and , the 

integral is written as  . Geometrically, this is equal to the area between the curve 

and the x-axis which is bounded by the ordinates  and . In the 

case of complex integration, however, we generalize from a part of x-axis to a curve in the 

z-plane. Since a complex integral has to be defined in relation to a curve in the z-plane, it is 

natural to ask: What types of curves do we consider in defining a complex integral? To 

enable us to appreciate this question, it is important to first learn about arcs and contours in 

the complex plane. Further, except for some special cases, no corresponding helpful 

interpretation geometric or physical is available for the complex integrals in the complex 

plane. 

 

Arcs and Contours 

A continuous arc is the set of points  that satisfy parametric equations 

     

 

Here,  and , , are continuous functions of the real 

parameter  in . If each point on the arc corresponds to a single value of  the 

arc is called a Jordan arc. The arc joins points z(a) and z(b).  
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Fig.31: A Continuous Curve                    Fig.32: A Simple Arc 

 

 

In a Simple Arc, the curve does not intersect itself, and it happens that  when 

, e.g.  

 

 

A simple closed arc is defined if  while and , i.e. 

 and no other two values of  correspond to the same point . This 

continuous arc which does not intersect itself anywhere is a Simple closed curve or a 

Jordan curve 

 

 
Fig.33: A Simple Closed Arc or Jordan Curve 

 

The direction of the arc is the direction in which t is increasing and is called a positive sense 

of arc. 
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Fig.34: Not a Simple Closed Arc as it intersects. 

 

An arc or curve is smooth if the derivatives  and  are continuous in  and do 

not vanish simultaneously. It follows that the derivative of  is 

 

 
 

The length of a smooth arc or differentiable arc or curve is given by  

 

 
 

A contour is a continuous chain of a finite number of smooth arcs joined end to end. For a 

contour  and  are sectionally continuous. The length of a contour is the sum of 

the lengths of the constituent smooth arcs. A piece-wise smooth closed curve without points 

of self-intersection is called a closed contour. We see a few typical arcs and closed contours. 

Arrows indicate the sense of describing a curve. Examples are a circle, a polygonal path be 

it a triangle a rectangle a square a hexagon etc . 

  



Complex Variables and Applications 

80 

Institute of Lifelong Learning, University of Delhi 

 

 

Fig.35: Piecewise smooth curves; Contour. 

 

Contour Integrals 

Consider a piece-wise smooth curve  in the complex plane connecting two points  and .  

 
 

Fig. 36: C is a smooth curve. The curve is divided into n parts by the points  

and  is the chord between the points  and  
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Let  be a continuous function which is defined at each point of . We sub-divide  

into n parts by selecting n-1 intermediate points:  with  and  On 

each portion of sub-division of  we select an arbitrary point; say , on the curve between 

 and . We next form the sum, as  

 

 
 

 is the chord between the points  and  then, 

 
 

Let, the number of sub-divisions n increase infinitely in such a way that the largest of the 

chords lengths  approaches zero. Thus in the limit that   

The limit of this sequence is called the line integral of along  from  to . 

 

For certain functions line integral depends on the contour chosen so we use  

while for certain functions line integral depends only on  and  and not on the path or 

contour chosen, then we write . Thus if the function is continuous smooth and the 

limit exists independent of the choice of the subdivisions, then the line integral is equal to 

the definite integral. 

 

Properties of Line Integral  

If and are integrable along a contour C, then we have the following properties 

(i)  

(ii)  where A is any constant . 

(iii)    if the direction of the contour is along the positive 

direction or  

(iv)    or 

 where the points a, b, m lie on the curve C. 

(v)  where M is the upper bound of  on C and L is the length of 

C where  

 

In defining the contour integral with respect to a closed contour, we say that the contour 

should be described in the positive sense, i.e., anticlockwise direction. For this the region 
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enclosed by the closed contour should always lie to the left as we move along the contour. 

A circle described in the anti-clockwise sense is a familiar example.  
 

Integral depends on path taken 

Example: Given a function  which is piecewise 

continuous function, show  is path dependent where C is a 

line segment from  to  

Soln. :Let us consider two paths C1 and C2 as seen in the figure.  

Path C1 involves the contour from (0,0) to (1,1). The parametric equation along path C1 is  

 

Further,  

 

 

 

 

Fig. 37: Contours  C1 and C2 involving the path from (0,0) to (1,1) 
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Path C2 involves the two arcs A1 from (0,0) to (1,0) and A2 from (1,0) to (1,1) then  

 

Now arc A1 from (0,0) to (1,0)  has the parametric equation as  

 

and arc A2 from (1,0) to (1,1) has the parametric equation as  

 

Further, along A1 

 

Along A2 

 

Thus total along C2 

 

 

The two approaches lead to different results. Thus the value of the integral depends on path 

taken. 

Contour Integral is zero if the integrand is analytic interior to and on 

the contour.  

Example: Find the value for the integral of the function  along 

the paths (i) to  (ii) to and then from to 
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Soln. : We observe that points  lie on the line . Hence, if the coordinate  is used 

as the parameter equation  is 

 

 

Fig. 38: Different contour paths C1 and A1 and A2 

 

 

Path C2 involves the two arcs A1 from (0,0) to (2,0) and A2 from (2,0) to (2,1) then  

 

Now arc A1 from (0,0) to (2,0)  has the parametric equation as  

 

and arc A2 from (2,0) to (2,1) has the parametric equation as  

 

Further, along A1 and A2 
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We see that the two results along the different paths C1 and (A1 + A2) are the same. A 

contour will be a closed one (A1 + A2 - C1 ) and thus we observe that for an analytic function 

 

Example: Evaluate the contour integral  along the straight line 

from 0 to . 

Soln.:  

For any path C between the two points in the z-plane,we can write 

 
The given path has a parametric representation ,  with . Hence 

 
 

Example: Evaluate the contour integrals around closed contour 

which is a unit circle centered at the origin (i)  (ii) .  

Soln.:  

A point on a unit circle has parametric representation as  

(i)  

 

The symbol has been used to emphasize that the path of integration is a simple closed 

contour traversed in a positive direction. 

(ii) 
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Simply and Multiply connected domains 

A region R is called simply-connected if any simple closed curve which lies in R can be 

shrunk to a point without leaving R. For example, the interior of a circle, an ellipse or a 

square is simply connected. In general, the interior of a simple closed curve is simply 
connected. Is a circular ring simply connected?  

A region R which is not simply connected is called multiply connected. 

 

Fig.39: Simply Connected and Multiply Connected regions. 

 

Fig.40: A Ring R. 

Example: Specify the following regions whether these are Simply or 

Multiply Connected. (i)  (ii)   

Soln.:  (i) Region R, defined by  . It will contain all points inside the circle of radius 2 

excluding the points that lie on the circumference of the circle. 
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Consider, C as any simple closed curve lying in R [i.e. whose points are in R]. We see that C 

can be shrunk to a point which lies within R, and thus does not leave R. Such a region is 

thus simply connected. 

 

Fig. 41: Simply and Multiply connected regions. 

 (ii) The region R, defined by  encloses the annulus between the circles of radii 1 

and 2 not including the points lying on their circumferences.  

There is a simple closed curve C, lying in R which cannot possibly be shrunk to a point 

without leaving R, so R is multiply connected. 

A simply - connected region is one which does not have any ‘holes’ in it, while a 

multiply connected region is one which does . 
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Cauchy Goursat Theorem 

If a function  is analytic function throughout a simply connected domain D, then  

 

for every simple closed contour C lying in D. 

 

Fig.42: Arbitrary closed contour C composed of many simple closed contours. 

The simple closed contour here can be replaced by an arbitrary closed contour C which is 

not necessarily simple. For, if C intersects itself a finite number of times, it consists of a 

finite number of simple closed contours. By applying Cauchy Goursat theorem to each of the 

simple closed curves we can reach the desired result on C. Also, a portion of C may be 

traversed twice in opposite directions since the integrals along that portion in the two 

directions cancel each other. 
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Fig.43: Two contours C1 and C2 in a simply connected domain D. 

If two contours C1 and C2 each lie in a simply connected domain D, and have the same 

initial and terminal points z1 and z2, respectively then C1 and -C2 together form a closed 

contour. Further, since the Cauchy –Goursat theorem holds for any closed contour in a 

simply connected domain,  we can write   

 

Or  

 

This means that when  is analytic in D, the values of line integrals from z1 to z2 are 

independent of the paths chosen as long as these paths lie entirely within the simply 

connected domain D and the integrand is analytic in D.  

Value addition:  Interesting Fact 

Heading text:  

Body text: Image and/or text  

Step 1: If we wish to integrate function  along a curve C then we can 

equivalently replace C by C1 as long as  is analytic in the region between C and 

C1. 

 

Step2: In both the figures the function is analytic in and on the boundary of the 

region between the two simple closed curves. However the direction in which we 

move along the contour is important. 
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Step3: Note in the first figure the directions of both the contours are opposite to 

each other 

 
 

Step4: The second figure the direction of the contours are same (both traverse along 

the anticlockwise direction), thus 

 
Step 5: However, we must note that they are both similar results. We can 

understand this by reversing the direction of C1 in the first figure and reaching the 

same result as the first one. 

Step 6: This is a very useful fact because at times we would like to integrate on a 

contour which may be different from the one considered. 

Step 7: Again if  be analytic in a region bounded by non-overlapping simple 

closed curves C, C1, C2, C3, …, Cn, then if all are directed in the anti-clockwise 

direction then we can write for 

 

 
 

 



Complex Variables and Applications 

91 

Institute of Lifelong Learning, University of Delhi 

 

 
 

Source:  

 

Example: Prove the Cauchy-Goursat theorem for multiply-connected 

regions 

Proof:  

 
 

Fig.44: Doubly connected region with contours C1 and C2 

 

Let us consider a doubly connected region as shown in Figure. Suppose that the function 

 is analytic in this region including the boundary curves C1 and C2. The simple closed 

curve C1, forms the outer boundary and the simple closed curve C2, which lies entirely 

within C1, forms the inner boundary of the region as can be seen in part (i) of the figure. 

Next in the multiply connected region a cross-cut connecting C1, and C2 shown in (ii) of 

figure in the form of thin slit MNN'M' is introduced. MN and M’N’ are line segments. Starting 

from a point M we move continuously along C1 via path MDFM’N’GN and reach N on C2 by 

the line segment MN. When this path is described, the region always lies on the left, so that 

with reference to the full contour MDFM’N’GN  the region is simply connected. Following the 

(iii) figure we can write for the shaded region that is simply connected and in which the 

function will be completely analytic, the Cauchy Goursat theorem as 

 

Hence, 
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However, since 

 

Thus we have 

 

Which accounts to  

 

 

With regard to the value of the integral f(z) dz, the closed contours C1 and C2 are  
equivalent, because the contour integrals over C1 and C2 are the same. This is called the 

principle of deformation of contours.  
 

Cauchy Theorem  

Cauchy's integral theorem forms the basis of the theory of the behavior of functions of a 

complex variable. It may be stated as follows: 

 

If a function  is analytic and its derivative  is continuous at each point within a 

region R which may be simply connected or multiply connected, then for every closed path 

C which is sectionally smooth in R the line integral of  around C is zero. Mathematically, 

we write 

 

  

 

If we write  and , where , ,  and  are real variables, then we 

have 
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Since  is analytic, its real and imaginary parts  and  satisfy the Cauchy-Riemann 

conditions. Moreover, continuity of  assures that the partial derivatives of  ,  ,  and 

 exist and are continuous in the region bounded by C. 

 

The Green's theorem in a plane, for any function P(x,y) and Q(x,y) which are continuous 

and have partial derivatives in and on its boundary C is  

 
 

 

Applying this Green’s Lemma to both the integrals on the right hand side to obtain 

 

 
 

However, real and imaginary parts  and  satisfy the Cauchy-Riemann conditions which we 

remember are:  

 

     and  

 

Thus the integrand of each of the double integrals vanish identically in R, leaving  

 

This completes the proof of Cauchy's integral theorem. We realise that it uses the condition 

that  is continuous. Actually, as shown by Goursat, this condition is not necessary. 

 

Example: Find the integrals inside a contour C  

(i)  (ii)  (iii)  (iv)  

All the integrals involved here have  All these functions are analytic 

inside C and have continuous derivatives. Thus following the Cauchy’s Theorem in all cases 
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Value addition:  Interesting Fact 

Heading text: Consequences of Cauchy’s Integral Theorem 

Body text: Image and/or text  

Step 1: If a function  is analytic in a simply connected , then  

is independent of the path in joining any two points  and  in  

 

Step2:  

 
 

By Cauchy’s theorem for the function  which is analytic in a simply connected , 

 
 

Step 3: And we can write it as 

 
 

Hence, 

 
 

 
Step 4 :Thus 

 
 

The integral is independent of the path in joining any two points  and  in  

Source:  
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Example: Evaluate   where C is any simple closed contour in a 

region R and the point  is (i) Outside the contour C (ii) Inside 

the Contour C. 

 

Fig.45: C is any simple closed contour and the point  lies inside this contour. 

(i) If  is outside C then the given function  is an analytic function everywhere 

inside and on C. Hence by Cauchys’ Theorem 

 

 

(ii) If  is inside C then the given function  has a singularity at the point a. Let us 

consider another contour C1 such that the point  lies at its center. Then 

we know that we can write 

 
 

now on contour C1 we have  or  and 

 Thus, 

 

Example: Evaluate   where C is any simple closed 

contour in a region R and the point  lies inside C. 
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Soln.: Consider the same figure as in earlier example. We evaluate the integrals as 

 

Againon contour C1 we have  or  and 

  

Thus, 

 

 

Example: Find  

 

where the contour C consists of a circle |z|=3 described in the 

positive sense, together with another circle |z|=2 described in the 

negative direction. 

Soln. The region C enclosed by a circle |z|=3 described in the positive sense, together with 

another circle |z|=2 described in the negative direction is shown in the 

figure.  
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Fig.46: The region C enclosed by a circle |z|=3 described in the positive sense, together 

with another circle |z|=2 described in the negative direction. 

 

 

Since the singularities are at point  and  which lie outside the shaded region, 

the integral involving the shaded region has no singularities. Hence the function  is 

completely analytic in this region. Thus from Cauchy’s theorem the above result follows. 

Cauchy’s Integral Formula 

Cauchy's integral formula allows us to determine the value of an analytic function at an 
interior point in a simply-connected region by integrating the function around the curve 

surrounding the region. This means that any change in the value of the function on the 
boundary will correspond to a change in the value of the function at an interior point. It 
states that: 
 

If  be analytic everywhere within and on a simple closed contour C, taken in the 

positive sense. If ‘a’ is any pt. interior to C, then, 

 

The nth derivative of  at  is given by : 

 

The first result can be considered a special case of the second one in which  n=0 and 0!=1. 

These above two results are Cauchy’s Integral formulae which we interpret as 

 This shows that if a function  is known on the simple closed curve C then the 

values of the function and all its derivatives can be found at all points inside C. 

 Thus if a function of a complex variable has a first derivative , i.e. is analytic, in a 

simply-connected region R, then all its higher derivatives exist in R. 

 This is however, not necessary true for real variables. 
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Value addition:  Interesting Fact 

Heading text: Application of Cauchy’s Integral Formula 

Body text: Image and/or text  

From the assumption that a real function of a real variable is once differentiable 

nothing follows about the existence of derivatives of higher order. However, from the 

assumption that a complex function has a first derivative in a region R, there follows 

the existence of derivatives of all orders in R. This, means that in this respect 

complex analytic functions behave much more simply than real functions which are 

once differentiable.  

Source:  

 

To prove the Cauchy Integral formula, we note that  is on the contour C while is a point 

in the interior,  and the integral  

 

 
 

is well defined.  Further, although  is assumed to be analytic within and on C, the 

integrand    is not analytic at z = a. Therefore, Cauchy's integral theorem is not directly 

applicable. To circumvent this problem, we exclude the point a by enclosing it by a small 

circle C1 of radius  .   

 

 
 

Fig.47: Multiply connected region with the common path MN 

 

Simple closed curve C forms the outer boundary, and the circle C1 with radius  and centre 

at  forms the inner boundary of the doubly connected region. By means of the cross-cut 
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MN joining C and C1, the doubly connected region is converted into a simply connected 

region which is the sum of C (anti-clockwise), C1 (c1ockwise) and line segments MN and 

NM. Then for the function   , the region bounded externally by C and internally by C1 is 

a doubly- connected region and Cauchy's Integral Theorem applies. Since C and C1 are 

equivalent contours, we can write 

 

 
 

now on contour C1 we have  or  and   

Thus, 

 

Thus now, 

 

Taking limits on both sides and making use of the continuity of the function , because 

an analytic function will be continuous 

 

So we have the desired result 

 

This is known as Cauchy’s Integral formula. It allows us to calculate the value of the 

function at any interior point a from its specified boundary values on the contour C. This is 

illustrated in the following example. 

Example: Find g(2), if 
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and the contour C consists of a circle  described in the positive 

sense. 

Soln. From the Cauchy’s Integral formula we know that 

 

So writing in its similar form as the point z=a here is the point z=2 which lies inside the 

contour (since we have been asked to evaluate g(2)).  

 

 

Fig.48: Contour with  

On comparing the two forms we have 

 

thus 

 

Example: Find , if (i) (ii) and the contour 

C consists of a circle  described in the positive sense 

(anticlockwise direction). 

Soln. 
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Fig. 49: Shows the circle described by  

(i) Here the given function is 

 

Thus,   

 

We know that if a is any point interior to the contour   

 

However, if a is any point exterior to the contour then 

 

We observe in the defined contour that the point  is an interior point to the contour 

and hence will contribute to the integral according to the Cauchy’s integral formula  
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while  is a point exterior to the contour and will thus not contribute. 

 

Thus, 

 

 

(ii) Here the given function is 

 

We observe again that in the defined contour, the point  is an interior point while 

 is a point exterior to the contour. 

Thus, we know that if  is any point interior to the contour   

 

If we consider here the function  as  is a point exterior to the contour 

and so the given function will be analytic. 
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Cauchy’s Inequality 

If  is analytic inside and on a circle  of radius  and center at   

 

here M: constant such that   on C. 

Let  be a function which is analytic in a neighborhood  of a given point 

 

Fig.50:  

By Cauchy’s integral formula  

 

A parametric representation for C is  and the expression can be 

written as 

 

When a function is analytic within and on a given circle, its value at the centre is the 

arithmetic mean of its values on the circle. We obtain the inequality 
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The function f(z) is analytic i.e., it is not a constant in the interior of C and thus the 

maximum value of f(z) must occur on C for all derivatives which exist if f(z) is analytic we 

have 

 

Thus 

 

where  will be the maximum value of the function on the curve C. 

  

Liouville’s Theorem 

Liouville’s theorem states that if a function  is entire and bounded for all 

values of z in the complex plane, then this function  is constant throughout the 

plane. 

Proof: When  is analytic within and on a circle , taken in the positive sense 

and denoted by C, we know that   

 

 

Now the maximum value of  on the circle  depends, in general, on the radius of C; 

and if we let  denote that maximum value, Cauchy’s inequality follows. 

 

In particular n=1 
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The number  in the inequality is independent of the value of R that is taken. Hence that 

inequality can hold for arbitrarily large values of R only if . Since the choice of ‘a’ 

was arbitrary, this means  everywhere in the complex plane. 

 Letting , we deduce that  

 

Hence,  since the choice of ‘a’ was arbitrary. This implies that  constant. 

No entire function except a constant is bounded for all values of z. 

Fundamental Theorem of Algebra 

Fundamental theorem of Algebra: Part-1:  Every polynomial   

 

where the degree  and  has at least one root. 

The proof of this theorem follows from Liouville’s theorem, however by contradiction. 

If  has no root, then it is not zero for any value of z. Clearly it is an entire and 

bounded function in the complex plane, then  

 

is analytic for all z. Also  

 

is bounded as . It follows then from Liouville’s theorem that the function f(z) and 

consequently P(z) is constant. But P(z) is not constant and we’ve reached a contradiction, 

thereby we conclude that P(z) =0 must have at least one root. 

Part-2:  Every polynomial   

 

where the degree  and  has exactly n roots. 
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By fundamental theorem of Algebra, we have seen that P(z) must have at least one root. 

Let us denote the root by  

Then, . So  

 

 

where Q(z) will be a polynomial of a degree less than n i.e. of degree (n-1). Again applying 

the fundamental theorem of Algebra, we will have that Q(z) must have atleast one root. Let 

us denote that root by  which may equal . Thus  

 

Continuing in this manner we see that P(z) has exactly n roots. 

Argument Theorem 

We have so far understood that the zero of the function will be the values at which the 

given function . However, to understand the argument theorem we need to 

introduce here the term pole. If we can find a positive integer number n such that 

 

where is called the pole of order . For example if we have a function  

 

Then we have a pole as  of order . Thus clearly we can conceptually write for any 

function  which has a pole of order  that 

 

where  has neither a pole nor a zero at   

Let  be analytic inside and on a simple closed curve C except for a finite number of 

poles inside C, then 
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where N and P are respectively the number of zeros and poles of f(z) inside C. 

This is similar to saying that let a function  be analytic inside and on a simple closed 

curve C except for a pole  of order (multiplicity) P inside C. Suppose that inside C, 

 has only one zero    of order (multiplicity) N and no zeros on C then also we can 

write  

 

where N and P are respectively the orders of the specific zero and pole of  

inside C. 

Proof: Let us consider the simple case in which the function  be analytic inside and on a 

simple closed curve C except for a pole  of order (multiplicity) P inside C, and  has 

only one zero    of order (multiplicity) N and no zeros on C. 

 

Fig. 51: Simple closed curve C except for a pole  of order (multiplicity) P inside C, and 

 has only one zero    of order (multiplicity) N 

We delete points  and   by drawing non-overlapping circles that lie within the 

boundary of C. Thus the given function is analytic in the shaded region everywhere on C, C1 

and C2 and in the region between C and C1 as well as C and C2. 

Since the function  has a pole of order P at , we can write 
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Such that  has neither a pole nor a zero at . Also,  is analytic and different 

from zero inside and on C1. Since  has a zero of order N at  then we can express  

 

such that, Q(z) has neither a pole nor a zero at  and at  and Q(z) is analytic 

everywhere in and on C. Thus, 

 

Taking logarithm and differentiating we get 

 

We note that, the term  

  is analytic everywhere except at the point  and is a pole of order one. 

  is analytic everywhere except at the point  and is a pole of order one. 

  has neither a pole nor a zero at any point and so is analytic everywhere. 

Integrating the above equation we have 

  

 

Clearly we have 

 

As the function inside the integral is analytic.  Further by Cauchy’s theorem of multiply 

connected regions we have 
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And 

 

Thus , 

 

which is the required result for N number of zeros and P number of poles in a function. 

 

Example: Find , for a contour C which is a circle  

described in the positive sense (anticlockwise direction). 

Soln. We can write the integral to be evaluated as 

 

  and  are entire functions and thus have no poles. However, the function  

has zeros. Now by the argument theorem 

 

If we compare both the equations and consider the function  then we know that 

the zeros of  are at  However, the zeros   lie outside the 

circle .  
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Fig.52: Poles at  and  inside the contour C 

Thus  has two zeros (N=2) at  and  inside the contour C and no poles (P=0). 

However,  hence, 

 

Finally,   

 

 

Series   

Power Series 

A power series in powers of  is an infinite series of the form 

 
  

where, z is a variable and the  are constants called coefficients, and a is a constant 

called the center of the series. If a=0 in particular the series becomes  
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Convergence behavior of a particular series can be characterized in a very simple way. 

Value addition:  Did you know? 

Heading text : How to check the convergence of a series? 

Body text: Image and/or text  

The D’Alembert’s ratio test which states that if Rn is the nth term in the series 

 

 then 

 

 

 

 

Source:  

Example: Check the convergence of  

(i) the geometric series   

(ii) the power series as    

(iii) the power series as    

Soln.  

(i) The series   

 



Complex Variables and Applications 

112 

Institute of Lifelong Learning, University of Delhi 

 

will converge absolutely when |z|< 1 and will diverge when |z|>1.  

(ii)The power series 

 

will be absolutely convergent for every finite z as long as it follows from the ratio test that 

 

(iii) The power series  

 

 

Converges only at z=0 but diverges for every . It follows from the ratio test that 
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Taylor’s Series and Taylor’s Theorem 

The Taylor’s series specifies the value of a function at one point  in terms of the value of the 

function and its derivatives at a reference point say . It is an expansion in powers of the 

change in variable here say ( ).  

 

Fig.53: Contour  defined in the anticlockwise direction, with parametric equation  

Let  be an analytic function inside and on a simple closed curve , with the center as a and 

radius R. Then at each point inside the contour  we define 

 
 

The power series here converges to  when .  

Here R will be the radius of convergence which is defined as the distance from the 

reference point  to the nearest singularity of the function . On  the 

series may or may not converge while for  the series diverges. If the 

nearest singularity of  is at  , the radius of convergence is at , i.e. the series 

converges for all values of z.  

If  then the resulting series is often called the Maclaurin series. 



Complex Variables and Applications 

114 

Institute of Lifelong Learning, University of Delhi 

 

 
 

Proof of the Taylor’s series 

Let us consider an analytic function  in a neighborhood of a point . Also let 

 be a circle which lies in this neighborhood and has the center . Then by Cauchy’s 

integral formula 

 

where, 

 : any arbitrary fixed point inside the contour  

 :  be the complex variable of integration. 

The radius of convergence of the Taylor series is at least equal to the shortest 

distance from a to the boundary . It may be larger but then the series may not 

represent  at all points of  which lie in the interior of the circle of convergence. 

 

Fig.54: Contour C, with center at a and having the variable of integration as s and 

any point in the interior as z 
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We shall first develop  in powers z-a of  

 

Since s is on C while z is inside C, therefore 

 

Now, from the geometric progression for |q|<1 

 

We obtain the relation, 

 

Here, 

 

Then 

 

Using 2 

 

Inserting (A) in (2) which is then put back in (1) to get  
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Since z and a are constants we take the powers of z-a out from under the integral 

sign and the last term is 

 

Using Cauchy’s integral formula 

 

We comprehend the series as 

 

This representation is called the Taylor’s series 

 is called the Remainder. Since the analytic functions has derivatives to all 

orders we may take n as large as possible i.e. As  we write 

 

This is the Taylor’s series for the function f(z) with center at a. The series in (7) above will 

clearly converge and represent f(z) if and only if 

 
This we can prove as s is on the contour C while z is inside C thus we will have |s-z| > 0. 

Since f(z) is analytic inside C and on C it follows that the absolute value of  is bounded 

thus we can say 

 

 Let r be the radius of C then |s-a|=r, for all s on C and C has the length as  

Therefore, 
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As  then the right hand side is zero. 

Value addition:  Interesting Facts 

Heading text : Expression of real and analytic functions as 

power series 

Body text: Image and/or text  
The complex analytic functions have derivatives to all orders. They can always be 

expressed / represented by power series. This is in general not true for real 

functions. There are real functions that have derivatives to all orders but cannot be 

represented by a power series, e.g.  when  and   

Source:  

 

Example: Express the Taylor series for  

Soln.: The  is an analytic function. We can express the Taylor series about z=0. In general 

an expansion about z=a is 

 
The power series here converges to  when .  While about z=0 can be 

written as 

 
 

 

 

 

Thus, 
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The first singularity of this function lies at infinity thus the radius of convergence is infinity.  

Example: Express the Taylor series for (i)  (ii) 

(iii)  (iv)  

Soln.: The given functions in all the cases are analytic functions. The first singularity of these 

function lies at infinity thus the radius of convergence is infinity.  We can express the Taylor 

series about z=0 as 

 

(i)  

 

 

 

 

Thus, we find that  while  So, 

 
 

 

Differentiating each side of (A) with respect to z and interchanging the symbols for 

differentiation and summation we have we can write the expansion as 

(ii)  

Such a case is possible as term by term differentiation of a power series is allowed. Here the 

power series is a Maclaurin or Taylor series.  



Complex Variables and Applications 

119 

Institute of Lifelong Learning, University of Delhi 

 

(iii) We can use the identity sin iz = i sinh z,  So using (A) by replacing every z by iz  

 

 

The first singularity of this function lies at infinity thus the radius of convergence is infinity.  

      

(iv) A term by term differentiation of equation (C ) yields 

 

 

Example: Find the geometric series for the function  

(i)  (ii)  

Soln. : The function  is singular at z=1, this point lies on the circle of convergence 

Derivative of the function  are of type  

 

So the series and in particular the Maclaurin series has 

 

Thus, 
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Replace every z by (-z) we get 

 

Value addition:  Did you Know 

Heading text: Practical Method to obtain Power Series. 

 (i) Method of Substitution 

Body text: Image and/or text  

We wish to find the Maclaurin Series for  and  

 

We know that  

 
 

Using this definition of  and replacing z by -z2 we get 

 

 

 

Again using this definition  and replacing z by z2 we get 

 

 

 

Source:  
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Value addition:  Did you Know 

Heading text: Practical Method to obtain Power Series. 

 (ii) Method of Integration 

Body text: Image and/or text  

To determine the Series for   

 

We define the derivative of a function as 
  

 
Now, 

 

 

Integrating term by term we get 

 

which is 

 

 

This series represents the principal value of , defined at that 

value for which  

 

Source:  
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Value addition:  Did you Know 

Heading text: Practical Method to obtain Power Series. 

 (iii) By using the geometric series. 

Body text: Image and/or text  

 

Find the Series for   

 

We can express the function  

 
Now, we know that 

 

 

 

 

Which can be expanded as 

 
 

This series converges for  

 

 

 

Source:  

 

 

 

 

 

 



Complex Variables and Applications 

123 

Institute of Lifelong Learning, University of Delhi 

 

Value addition:  Did you Know 

Heading text: Practical Method to obtain Power Series. 

 (iv) By using the Binomial series. 

Body text: Image and/or text  

 

Given a rational function we can first represent it as a sum of 

partial fractions   where A and B are constants 

and then apply the binomial series to each fraction individually using the 

general expansion. 

 

 
 

 

 

The function will be singular at z=-1. Therefore the series converges in the disk 

 

 

Source:  

 

Laurent’ s Theorem 

Many a time we wish to expand a function  in a series about a singular point. For 

instance, a function may be analytic in an annular region and there may be singular point(s) 

inside the smaller circle or outside the larger circle. Since the function  must be analytic 

at all interior points, we can not apply Taylor series. In such cases, a different series 

expansion - Laurent series - is used. We shall discuss it now. 

 
Consider the annular region between two positively oriented concentric circles C1 and C2 

centred at point a where C2 is smaller than C1. The function  is analytic on the circles 

and in the annular region  but one or more singularities occur inside the smaller circle C2. 

(There may be singularities outside the larger circle C1).  
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Fig.55: Two concentric circles C1 and C2 centred at point a where C2 is smaller than C1 . 

 

At each point  in the annular region, the function  is represented by a convergent 

series of positive and negative powers of  as 

 

 

 

where, 

 

 

The series here is called the Laurent series. 

Proof of the Laurent’s series 

Let us consider a point  in the annular domain between two positively oriented concentric 

circles C1 and C2 centered at point where C2 is smaller than C1.  
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Fig.56: Two concentric circles C1 and C2 centered at point  and having the variable of 

integration as  and any point in the interior as  

The function  is analytic on the circles and in the annular region. Then from Cauchy’s 

Integral formula it follows 

 

This follows from the adaption of Cauchy Goursat theorem to functions analytic in a closed 

region whose interior is a multiply connected domain i.e. when the path of integration is the 

oriented boundary of a multiply connected domain 

 here, 

 : any arbitrary fixed point inside the contour C1 and C2 

 :  be the complex variable of integration. 

To give the details in this instance we can construct a positively oriented circle  about   

which is small enough to be completely contained in the annular domain then we write 
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Fig.57: Two concentric circles C1 and C2 centred at point a where C2 is smaller than C1 and  

circle  centered at point z. Directions of all the contours are anticlockwise. 

 

 

According to the Cauchy’s integral formula, the value of the third integral here is  

hence the above equation (1) is valid. Again in this equation the first integral is peroved as 

in Taylors series i.e. we shall first develop  in powers z-a as  

 

Since s is on C1 while z is inside C1, therefore  and since 
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By expanding it and estimating the remainder which is the last term and goes to zero as 

 we obtain 

 

where the coefficients An will be 

 

As for the second integral we note that 

 

Consequently, by simply interchanging z and s  in equation (B) we can write 

 

Therefore we now have to develop the series in powers of   

 

Evaluating the second integral on substituting (C ) in it we get it as  

 

 

where we can express the last term as the remainder as 
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Thus we can write 

 

Comparing (D) and (E) we have, 

 

 

 

And thus in general 

 

We comprehend the series by substituting back in (1) as 

 

 

This representation is called the Laurent’s  series. 

 and  are the Remainders from the first and the second integral respectively. Since 

the analytic function has derivatives to all orders we may take n as large as possible i.e. As 

 we have as proved earlier in the Taylor’s series for the function f(z) with center at a, 

we know that the first integral series clearly converges if and only if 
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While the second integral series clearly converges if and only if 

 
If this holds the Laurent’s theorem will be established. 

Since  and f(z) is analytic in the annulus and on C2 it follows that the absolute 

value of  is bounded thus we have  

 

 Let  be the length of C2 then, 

 

 

Here z lies outside C2 and . As  , This proves the Laurents theorem 

for an annular domain as (F) now reduces to 
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Value addition:  Analogy 

Heading text: Laurent series centered at the origin 

Body text: Image and/or text  

 
Fig.: Two concentric circles C1 and C2 centered at point  

Two concentric circles C1 and C2 centered at point  in the finite plane. Let f(z) be 

the function satisfying the conditions in the theorem. Let us assume that there is a 

function  

 
If   and  are the radii of circles C1 and C2 then  is analytic in the annular 

domain . Hence the function  will be analytic in when 

 i.e.  centered at the origin.  This means that 

 has a Laurent series representation given by 

 
We get the expression of Laurent series if we write  instead of  

Further, 

 

 
 

where  and are the positively oriented circles |z|=R1 and |z|=R2 

Source:  

 

Example: Expand  in a Laurent series valid for (i) |z|< 3 (ii) 

|z|> 3 
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Soln. 

    

Fig.58: (i) The shaded  Region |z|<3  (ii) The shaded Region |z|>3 

(i) |z|<3 is a simply connected region as shown in the diagram 

The given function can be expressed as 

 

Using the geometric series  we can express as 

 

(ii) |z|>3 is a multiply connected region as shown in the diagram 

The given function can be expressed as 
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Example: Find all Laurent series for the function  with 

center z=1 

Soln. The given function can be expressed as 

 

Using the geometric series  

 

We find first 

 

 

This series converges in the disk . Parallelly, we can also have a second choice as 

 

 

This series converges in the disk .  

Hence, from (a) we obtain a form of the f(z) as 
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This series converges in the domain . 

Parallelly, 

 from (b) we obtain a form of the  as 

 

 

This series converges in the disk .  

We note that the  has different Laurent series in the two annuli with the same centers. 

 

 

Value addition:  Interesting Fact 

Heading text 

Body text: Image and/or text  

 

The Laurent series of a given analytic function f(z) in its annulus of convergence is 

unique. However, f(z) may have different Laurent series in two annuli with the same 

centers. 

 

Source:  

 

1.5.4  Classification of Singularities 

A point at which a  fails to be analytic is called a singular point or singularity of the 

function. We shall see that there are different types of singularities, which can be 

characterized by means of Laurent series. 

(i) Isolated Singularities 
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Fig.59: Annular domain characterized by two concentric circles C1 and C2 centered at a 

The point  is called the isolated singularity or isolated singular point of the function 

 if we can find  such that the circle  enclose no singular point other 

than a. If the function has an isolated singularity at the point  then we can 

express in the form of Laurent series as 

 

Which is valid throughout some neighborhood of the function (except at z=a itself). 

The last series in the above equation is the Principal part of  near  i.e.  

 

as an isolated singularity at the point  then we can express in the form. 

Example: Identify whether the following functions (i)  (ii) 

 has an isolated or non-isolated singularity. 

 
Soln. : (i) The function 
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 is analytic everywhere except at the point z=0 which is the origin. It is an isolated 

singularity as there is a neighborhood near z=0 where the function will have a value and 

not be singular. We can draw a contour with an  radius and isolate it. 

(ii) The function 

 

is non-analytic function. The singularity here is a non-isolated singularity, since every 

neighborhood near z=0 or the origin contains points on the negative real axis and    

fails to be analytic at each of these points. This can also be understood by saying that an  

neighborhood cannot be chosen and a contour cannot be drawn with the  radius to 

isolate the point z=0 for the function  

 

Value addition:  Interesting Fact 

Heading text Non-isolated singularity 

Body text: Image and/or text  

 

is non-analytic function. It has singular points at z=0 and  

We note that here that the singular points defined by  all lie on the segment of 

the real axis between z=-1 to z=1. Each singular point except the point z=0 is 

isolated.  z=0 is a non-isolated singularity, since every neighborhood near z=0 or 

the origin contains other singular points of the function. We can reason it out be 

considering n=50 lakh then  but  approaches zero. The same 

is true for n=100 lakh and so on. Hence the point z=0 is non-isolated. 

Source:  

 

(iii) Poles 

If we can find a positive integer  such that  
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Is called a pole of order . If , it is a simple pole. Poles are by definition isolated 

singularities. In (1) it may happen that for some n onwards all the  coefficients are zero. 

i.e.  and  for all . Then the expression of the Laurent series is 

 

In this case the Principal part consists of finitely many terms. The singularity of  near 

 is called a pole and m is called the order of the pole. 

 

Value addition:  Another way of writing Laurent series for a Pole 

Heading text 

Body text: Image and/or text  

 
If An=0 for n<-m<0 and A-m we say that A is a pole of order m. 

e.g. if m=1 we will have A-1 as B1. The term will be 

 
 

Source:  

 

Example: Find the singularity type in the function  

Soln. The given function becomes singular at two values of z i.e. the z=0 and z=5. Now 

following the definition of the pole we find that at z=0 and for n=1 

 

Thus we have an isolated simple pole at z=0. Further we check at z=5 for n=3 that 

 

Again we have an isolated pole of order 3 at z=5.  

(iv) Essential Singularity 
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A singularity which is neither a pole, nor a branch point or removable singularity is an 

essential singularity. In the Laurent series expansion if an analytic function  which is 

single valued in the complex plane has a singularity other than a pole then this singularity is 

called an essential singularity. 

An essential singularity may or may not be isolated. If in (1) there are infinitely many Bn’s 

which are different from zero then the singularity of  near  is not a pole but an 

isolated essential singularity.  

A fundamental difference between a pole (of finite order) and an essential singularity is that  

the pole which is of order m can be removed by multiplying the function  by  

This is obviously not possible in the case of an essential singularity. 

Example: Find the singularity type for functions (i)  (ii)  

(iii)  

Soln. (i) The function  can be expressed as a series  

 

Clearly at the point z=0 we have a singularity. The Laurent series has the principal part 

having terms going to infinity. Thus the singularity is an isolated essential singularity. 

(ii) The given function can be expressed as a series  

 

Again we see that at the point z=0 we have a singularity. The Laurent series has the 

principal part having terms going to infinity. Thus the singularity is an isolated essential 

singularity. 

(iii) The given function  has poles at values for which 

 

This happens for those values of z that are 
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We find that all these point tend to the limit point z=0. However, since there always exists a 

neighborhood near z=0 point that may cause the function to be singular such a singularity 

is an non-isolated essential singularity. 

(v) Removable singularity 

A  which is not analytic at a point  but can be made analytic by assigning some 

value to  at   is said to have a removable singularity at . Such singularities 

are not of interest as they can be removed. Thus a singular point  is called removable 

singularity of  at   if  exists. In such a case all the Bi=0 in equation 

(1). Thus the Laurent series does not have any principal part, all the principal parts are thus 

zero. Thus we have a removable singularity as function is analytic throughout. 

Example: Identify the removable singularity in the function   

Soln. The given function will have a limiting value as . We can expand the function in 

the form of Laurent series as 

 

We find that 

 

(vi) Singularities at infinity 

The type of singularity of  at  is the same as that of  at  i.e. 

 

In the neighborhood of . If the function is analytic at infinity we can obtain the 

corresponding Laurent series. Let us suppose that the function f(z) is analytic in the domain 

|z-a|> R and also at infinity. It represents the exterior of a circle of radius R about a. 
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Fig.60: Region showing |z-a|> R 

Then 

 

Let a function  be 

 

analytic in the domain  i.e.  

hence  has a Maclaurin series say 

 

By inserting   we obtain the Laurent series 

 

Example: Identify the singularity in the function  
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Soln. We use in the given function   then  

 

This function has a pole at . Thus this polynomial has a pole of order 3 at   

 

Residue  

We recall that if a function  is analytic in a simply connected region, then according to 

Cauchy's integral theorem the value of the integral 

 
 is always zero, where C is a closed contour lying wholly in R.  

 

If, on the other hand, the function  fails to be analytic at a finite number of points in 

the interior of the contour C in R, then there is a specific number called the residue, which 

each of these points (points of singularity) contribute to the value of the integral. 

Residue 

We note that a point ‘a’ is an isolated singularity if the function fails to be analytic at that 

point and in addition there is some neighborhood throughout which the function is analytic 

except at the point itself. The contribution of the singularity towards the integral is 

the residue. Thus for a non-analytic function the integral  

 
In this case we may represent the function by a Laurent series which converges in the 

domain 0<|z-a|<R, where R is the distance from ‘a’ to the nearest singular point of the 

function f(z). Thus in general we can write 

 
 

 

 
where we can write 
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For the special case n=-1 we have 

 

The coefficient  which is the coefficient of in the above expansion of the Laurent 

series is called the RESIDUE of the function at the isolated singular point ‘a’. Thus 

 

 
 

Example: Find the integral of the function  around the unit 

circle C in the counterclockwise sense. 

Soln. 

 

 
Fig.61: Isolated singular point at z=0 inside a unit circle. 

 

 We obtain the Laurent series for an isolated singularity at z=0 of the function as 

 

  

 
 

Comparing it with (i) we find that the residue is 

 

 
Hence, 
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Example: Show that the integral of the function  around the 

circle C, |z|=2 described in the counterclockwise sense is zero. 

Soln.  

 

Fig.62: Isolated singular point at z=0 inside a circle  |z|<2. 

 

The isolated singularity at point z=0 lies interior to the contour C. By Maclaurin series we 

know that  

 

Thus we can write a series for   

 

and comparing it with (i) we find that the residue is  

Hence, 
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Value addition:  Did you know ? 

Heading text: The residue of a simple pole  

Body text: Image and/or text  

If a function f(z) has a simple pole at z=a the corresponding Laurent series will be 

 
 

If we multiply both sides with (z-a) and let z approach a then 

 

 

 

This is the formula for the residue in the case of a simple pole. 

Source:  

 

Value addition:  Did you know ? 

Heading text: The residue of a function  having a simple pole  

Body text: Image and/or text  

If a function f(z) has a simple pole at z=a. We may set 

 
Where p(z) and q(z) are analytic at z=a. , and q(z) has a simple zero at 

z=a. consequently, we can expand in the Taylor series form the function q(z) as 

 
Because the term q(a)=0. Thus we find the residue of the function as 

 

 

 
 

i.e., in the case of a simple pole we have 

 

 
 

Source:  
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Example: Find the residue at simple poles for the function  

Soln. Using the definition  

 

To evaluate the residue we see that the function  has simple poles at z=0 and 

z=1. Thus, we have at these  simple poles 

 

 

 

Value addition:  Did you know ? 

Heading text: The residue of a function having a pole of order more than 

one. 

Body text: Image and/or text  

To obtain the residue of the function f(z) at z=a, where z=a is a pole of order m, 

then 

 

 

 

Proof: Laurent series expansion about an isolated singularity z=a is expressed as 

 
Multiply both sides with  

 
 

Differentiate both sides (m-1) times 

 
 

 



Complex Variables and Applications 

145 

Institute of Lifelong Learning, University of Delhi 

 

 
 

The value at z=a will be obtained when we take the limit on both sides 

 
Or we can rearrange to define 

 

 

In the case of a simple pole we get back. 

 

 

 

 

Source:  

Example: Find the residue for the function  

Soln. In this function  we see that we have simple pole at z=2 and a pole 

of order 2 at z=-1. So, for the simple pole we calculate the residue as 

 

For the pole of order k=2 we find the residue at z=-1 by using the general formula 

 

 

Example: Obtain the Laurent series expansion of the following functions in 
the neighborhood of the singular points and calculate the residues: (i)  

 (ii)   

 
Solution  

(i) Note that z=0 is the isolated singular point of the function  

We recall the series expansion of cos z as 
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Thus,  

 

We note that in this series the coefficient of the 1/z term is 1. Thus, , therefore is the 

residue of the given function. 

 

(ii) The function has a double pole at z=1. We expand the exponential series in powers of 

(z-1) 

 

 

This is the required Laurent series expansion. We observe the coefficient of 1/(z-1) is the 

residue  

What have we achieved so far? We agree that now we can evaluate the residue of a function 

 with one singular point in a contour using Laurent series expansion. However, how do 

we proceed when encloses more than one isolated singular points? In such a situation, we 

have to extend the concept of residue developed so far to more than one singularity. The 

theorem of residues deals with such a general case and we discuss it in the following 

section. 

 

Residue Theorem  

We extend the concept of residue developed so far to the case when the integrand has 

several singularities. Let us consider a positively oriented simple closed contour C, within 

and on which a function is analytic except for a finite number of singular points z1, z2, z3, … 

zn interior to C. If A1, A2, A3…, An denote the residues of ‘f(z)’ at those respective points then 

 

Proof: 
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Fig.63: A finite number of singular points z1, z2, z3 … zn interior to C. 

Let the singular points zj(j=1,2,…n) be the centers of positively oriented circles Cj which are 

interior to C and are so small that no two of the circles have points in common. That is to 

say that all the singularities are isolated by small contours. 

The circles Cj along with the simple closed contour C form the boundary of a closed region. 

As we can see in the figure the function is analytic throughout the shaded region, which is a 

multiply connected domain. Hence, by Cauchy Goursat theorem 

 

 

 

We note that this theorem is valid only for isolated singularities. The immense utility 

of this theorem stems from the fact that it facilitates calculation of a contour integral 

indirectly through the residues of f (z) at the singularities inside C.  

 

Example: Use the residue theorem to evaluate the integral  

 
Where, C is the circle |z|=2 described in counterclockwise sense. 
Verify your result using (i) Laurent series (ii) partial fractions. 
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Solution.: The integrand  has two singularities at z=0 and z=1 and both of which are 

interior to the contour C as we see in the figure. We need to find the residues for both the 

singularities. 

  
Fig.64: Contour of radius 2, having singularities at z=0 and z=1 

 
 

(i) Laurent Series approach.  

We know that 

 

So we expand the function in the different domains and observe in 0<|z|<1 

 

 

The coefficient of 1/z is the residue . 
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Fig.65: Different domains. Darker circle is for |z|<1 case. The lighter is the annular 

domain 1<|1|<2 

Now we observe in the domain 1<|z|<2 

 

 

The coefficient of 1/(z-1) is the residue . 

Thus by residue theorem 

 

(ii) Partial fractions approach 

The given function can be expressed as 

 

Thus we can write the integral clearly as 
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Both the results lead to the same result. 

Example: Use the residue theorem to evaluate the integral  

 
where, C is the circle (i)|z|=2 or (ii) |z+2|=3 described in 

counterclockwise sense 

Soln.:The given function is . It has singularities at z=0, which is a pole of 

order 3 and a simple pole at z=-3 

(i) We pick the case |z|=2. In this we see that the simple pole z=-3 does not lie in the 

concerned region. Thus there exists only one singularity at z=0. We evaluate that 

using the standard formula of the residue for order m 

 

 

Thus using the residue theorem 

 

 

(ii) We pick the case |z+2|=3. In this we see that the simple pole z=-3 as well as pole of 

order 3 at z=0 lie inside the contour. We have already calculated the residue at 

z=0 in the above part. We need to evaluate not the residue at z=-3 only. It is a 

simple pole thus we have 

 

 

Thus using the residue theorem 
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Applications of Residues  

The residue theorem is one of the most powerful results of complex variable theory since it 

finds so many and so varied applications in mathematical analysis and physical sciences. 

Actually, the usefulness of the residue theorem stems from the fact that, even when the 

integrand is not innocent-looking, it facilitates the evaluation of the integral by way of a 

rather straight forward calculation of residues at the singular points of the given function. 

Further, the detailed shape of the contour is not relevant, except in so far as it encloses 

certain singular points. From pragmatic considerations, the residue theorem is of special 

importance in the evaluation of real integrals. It is not possible to cover all the applications 

in an elementary course such as this. Therefore, we shall concentrate only on the evaluation 

of some types of definite integrals using the method of residues. Once you get familiar with 

the basic principles of this method, you should be able to apply these to more advanced 

applications. 

  

Improper Integrals 

Consider real integrals of the type 

 

 
Such an integral for which the interval of integration is not finite, is called an improper 

integral and it has the meaning 

 
 

If both the limits exist, we may couple the two independent passages to  and  to write 

 

 
We note here that x is restricted to lie on the real line.  

For some functions the limit on the right side of Equation (1.7.1.3) exists, but the limit on the 
right side of Equation (1.7.1.2) doesn't exist. 
 

Consider an example for a function f(x)=x 
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Fig.66: F(x)=x function 

 

The equation (1.7.1.3) shows that the improper integral of the function f(x)=x does exist as 

 
In this case the limit exists. However if we separately calculate using equation (1.7.1.2) the 
improper integral doesn't exist, because the calculation  e.g. 

 
is not defined. 

Let f(x) be a continuous real valued function for all x.  The Cauchy principal value (P.V.) of 

the integral    is defined by 

             

   

 
provided the limit exists. The expression on the right hand side is called the Cauchy Principal 

value of the integral. It may exist even if the limits in (1.7.1.2) do not exist.  

 

Evaluation of Improper Integrals of Rational Functions 

Consider ,  where P(x) and Q(x) are polynomials of degree m and n.  The 

Residue Theorem can be used to obtain the Cauchy Principal value of the integral of  

over .   In evaluation of this integral the function f(x) must satisfy the following two 

conditions: 
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(i)  is analytic in the upper half plane except for a finite number of poles. We note 

that it is assumed here that no poles exist on the real axis.  is a real rational 

function. 

(ii) vanishes as 1/z2 for  i.e. the denominator of is 

atleast two units higher than the numerator and is different from zero. 

 

  

Fig.67:Contour S of integration for rational functions 

Let us consider the corresponding Contour integral  around a path (the semi-

circle and the real axis) as in figure. Since f(x) is rational,  has infinitely many poles 

in the upper half plane and if we choose R large enough such that C encloses all these 
poles. By residue theorem we obtain 

 

And since 
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We have  

 

If we are able to prove that as R , the value of integral over the semi-circle 

approaches zero. Let us set  ; R is a constant  

Remember by assumption the degree of the denominator of  is atleast two units higher 

than the degree of the numerator, 

 

 for sufficiently large constants k and R. Applying 

 we obtain 

 

Hence, as  the value of the integral over S approaches to zero. Thus (1.7.2.2) gives 
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Example: Evaluate  

Soln.: The given function  is an even function as f(-x)=f(x). Hence we can write 

 

Now the function 

 

has four simple poles because if   Thus  
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Fig.68: The four simple poles of the function 

The four simple poles of the function are thus . The 

roots z1 and z2 lie in the upper half plane as can be seen in the shaded region. We also 
know that 

 

We calculate the residues at the simple poles z1 and z2 that lie in the upper half plane. Here 

since the function is of the form f(z)=p(z)/q(z) we use the definition given below where  

will take the values of z1 and z2 , thus 
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Thus, for  

 

 

Thus, 

 

 

Further since,  

 

Example: Evaluate  

Soln.: The given function  is an even function as f(-x)=f(x). Hence we can write 
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Now the function has poles of order two where  or  or 

 

Fig.69:  is the singularity that lies in the upper half plane 

We evaluate that using the standard formula of the residue for order   

 

We see that only  lies in the upper half plane, so we calculate only the residue at   

 

 

 

However using (a) we get  
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1.7.3 Evaluation of Improper Integrals of Rational Functions 

involving cosine and sine  functions 

We now extend the method of residues to the evaluation of definite integrals of the type 

 

where, the function is finite for all values of . Also, the function is rational function of sine 

and cosine, so that the function is single valued. To do so, let us consider a unit circle C in 

the complex plane with center at the origin.  

 

Fig.70: Unit circle. 

Then a point on the unit circle can be represented by 

 
so that  

 
Further, we can write 

 

 
and 

 
 

The above integral can now be expressed as a contour integral  
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We see it  now represents a contour integral of a rational function of  over a unit circle 

which can be evaluated by the method of residues as 

 

 

Example: Evaluate the definite integral  

Soln.:  Let us set  so that   and since  

We can write the integral as 

 

 

 
Singularity occurs according to . There are ,two roots of this equations 

which are 

 
The root lies inside the unit circle while  does not lie inside the unit circle. For   

the quantity  is a positive quantity. Since the integral is  

 

 
 

We find the roots in the unit circle by 

 
Here the function  will have the residue as 
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Therefore, 
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Value addition:  Did you know ? 

Heading text: Some short cuts to long integrals 

Body text: Image and/or text  

If we were to evaluate the definite integral 

 
 

Soln.: We note that if we have solved the definite integral 

 
 

Then we need only check if . If this condition is met, then the result of the 

integral can be chosen by replacing the  as 

 

 
Source:  

 

 

Value addition:  Did you know ? 

Heading text : Short cuts to long integrals 

Body text: Image and/or text  

If we were to evaluate the definite integral 

 
 

Soln.:We note that if we have solved the definite integral in  

 
We differentiate the above equality with respect to  

 

 
which gives 

 
In this case we can use b=a and a=1 
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Source:  

 

 

Value addition:  Did you know ? 

Heading text : Short cuts to long integrals 

Body text: Image and/or text  

If we were to evaluate the definite integral 

 
 

Soln.:We note that if we have solved the definite integral in  

 
We differentiate the above equality with respect to  

 

 
which gives 

 
In this case we can use b=1 and a=b 

 
 

Source:  

 

 

 

Evaluation of Improper Integrals of type  

 

The real integrals of the form 

 
and 
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occur in connection with the Fourier integral. If  is a rational function  satisfying 

the two conditions of the definite integrals  then these integrals may be evaluated as in the 

previous sections. Infact let us consider the definite integral 

 

 
This is the Fourier transform. We consider the contour C  

 
Fig.71: Contour C in the upper half plane, includes the contour S and that on the real axis 

from –R to R. 

 

and assume the two conditions: 

1.  is analytic in the upper half plane except for a finite number of poles. 

2.  

 

This is a less restrictive case than the second condition that was earlier imposed on  for 

integrating  previously. 

 is an entire function, there is no singularity of in the contour. Thus  should 

have no singularity on the boundaries and the number os singularities should ne finite. Thus 

 
 

In the above equation (a) if we are able to show that the integral over the infinite semicircle 

S  goes to zero then it will be very easy for us to evaluate every such integral as 
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Value addition:  Did you know ? 

Heading text: Using Jordans Lemma. 

Body text: Image and/or text  

Prove that for m being a real positive quantity  

 

If  for   where are constants and hence  

 
 

Proof.: Let us consider for   

 

Let R be so large that  

Then, 

 

 

 
Thus 

 

We have in the range  as can be seen from the figure 
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Fig.72: Shows in the range   

 

Integrating we get 

 
 

 
As   this approaches zero since  and  are positive. The useful result is the 

Jordans Lemma 

 
 

Since the integral over the upper semicircle vanishes as   thus 

 
 

Source:  

 

Example: Evaluate the definite integral  
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Soln.:  The integral is of the form  and  is a rational function 

 thus we can solve this by actually solving an integral of the type 

 
We choose the contour 

 
Fig.73: Contour C in the upper half plane, includes the contour S and that on the real axis 

from –R to R. Simple pole at  

 

We find that the singularities are at  and are simple poles. 

 

 

Here the function  will have the residue as 

 

 
 

Therefore,  

 
 

Subject to the condition that the integral over the upper semicircle vanishes as  i.e.,  
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Let us prove this by letting  

 
 

 

We have in the range  as can be seen from the earlier figure 

 

 

Clearly as  i.e., we have  And now that we have 

 

 

We can open it up to write by equating the respective real and imaginary parts as 
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Exercises   

1.1 First Question                                                                       

1.2 Second Question  

1.3 Third question 

And so on… 
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Glossary  

Complex number has the form , where  and  are two real numbers and 

 

 

Complex Plane : The xy-plane in which the complex number P is now represented is called 

the complex plane or the Argand diagram or the Gaussian plane 

 

Complex conjugate of a complex number  is   

 

Absolute value or Modulus: The modulus or the absolute value of a complex number 

 is defined as the non negative real number  

Points on the circle:  ; We now know that this equality corresponds to all the 

points lying on the circumference of the circle with center z0 and radius R. 

Points lying inside and not on the circle: ; This inequality corresponds to all 

the points lying inside and not on the circumference of the circle with center z0 and radius 

R. 

Closed circular ring: ; This inequality corresponds to points lying 

in the region between two concentric circles and also lying on the circumference of the 

circles with radii R1 and R2 centered at (a,b). 

Open circular ring:  , This inequality corresponds to points lying in 

the region between two concentric circles and not lying on the circumference of the 

circles with radii R1 and R2 centered at (a,b). Thus the circles are drawn dotted. 

The polar form of complex number :  can be expressed in the polar form as 

  and in short we can also say  where r is the 

modulus and  is the argument of z i.e.,   

Argument of z : The arg z denotes the angle measured in radians, that the vector z makes 

with the positive x-axis (real-axis). Hence it has any one of the infinite number of real 

values differing by integral multiples of 2π. 

De Moivre’s Theorem:  

Roots of a Complex number: 
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It follows that there are n different values for  i.e. n different nth roots of z. In the 

complex plane these roots are represented by radii of the circle with center at the origin and 

radius  spaced at equal intervals of  beginning with the radius whose angle is . 

 Extended complex plane: The complex plane together with the point at infinity, denoted 

by  is called the extended complex plane. 

Single valued function: When only one value of  corresponds to each value of z then  

is single valued function of z 

 

Limit: a function f(z) which is defined at all points and is single valued in a neighborhood of 

the point at  with the possible exception of the point  itself. This function  will 

have a limit at say  as z approaches the point z0 if for every positive real number  (small 

but not zero) we can find another positive real number  such that for the values  in the 

domain  we have   

 

Continuity of a function: The function  which is defined at all points and is single 

valued in a neighborhood of the point at  and at the point itself. This function 

will be continuous at  if  

Differentiable function: If  is single-valued in some region , then 

 is the derivative of the function  at point . This will exist 

provided the limit exists independent of the manner in which the  approaches .  The  

is said to be differentiable at  when its derivative at  exists.  

 

Derivative of a function exists at a point, if it is continuous at that point and satisfies 

the Cauchy-Riemann conditions: 

 

Analytic Function: If the derivative  exists at all the points  of a region R, then 

 is said to be analytic in R. 

L’ Hospital Rule: Then L’ Hospital rule states that   In case 

 the rule may be extended.  
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Cauchy Riemann Equations: The (a) necessary and (b) sufficient conditions for a function 

 to be analytic (have a derivative) in a region is that the Cauchy Riemann 

Equation  and   be satisfied in R where it is supposed that these partial 

derivatives are continuous in R. 

Harmonic Functions: The real and imaginary parts u(x, y) and v(x, y) of an analytic 

function f (z), separately satisfy the two-dimensional Laplace equation and are said to be 

harmonic functions. 

 

Logarithmic functions: The logarithm function be defined for any non-zero complex 

number as  . 

If be the principal argument of z i.e., then ; 

 thus  

 

Complex exponents: For a non-zero complex number  if  is any complex number 

exponent then the function  
 
is defined as  

 

Complex Bases: For a non-zero complex number  if  is any complex number then 

the function 
 
is defined as  

 

Where  is the multiple valued logarithmic function. 

 

Zeros of a function: If  is zero for a value of  i.e.  then  is said to 

be a zero of the function. 

Hyperbolic Functions: The hyperbolic sine and cosine functions for any non-zero complex 

number are defined as    

A continuous arc is the set of points  that satisfy parametric equations 
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Simple Arc, the curve does not intersect itself, and it happens that  when 

 

Simple closed arc is defined if  while and , i.e. 

 and no other two values of  correspond to the same point . This 

continuous arc which does not intersect itself anywhere is a Simple closed curve or a 

Jordan curve 

 

Smooth: An arc or curve is smooth if the derivatives  and  are continuous in 

 and do not vanish simultaneously. It follows that the derivative of  is 

 

 
 

A contour is a continuous chain of a finite number of smooth arcs joined end to end. For a 

contour  and  are sectionally continuous. 

 

Simply Connected region: A region R is called simply-connected if any simple closed 

curve which lies in R can be shrunk to a point without leaving R 

 

Cauchy Goursat theorem: If a function  is analytic function throughout a simply 

connected domain D, then for every simple closed contour C lying in D. 

 

Cauchy’s Theorem:If a function  is analytic and its derivative  is continuous at 

each point within a region R which may be simply connected or multiply connected, then for 

every closed path C which is sectionally smooth in R the line integral of  around C is 

zero. Mathematically,  

 

Cauchy’s Integral Formula: If  be analytic everywhere within and on a simple closed 

contour C, taken in the positive sense. If ‘a’ is any pt. interior to C, then, 

 

Cauchy’s Inequality:  If  is analytic inside and on a circle  of radius  and center at 

 ,   where M: constant such that   on C. 
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Liouville’s theorem: states that if a function  is entire and bounded for all values of z 

in the complex plane, then this function  is constant throughout the plane. 

Fundamental theorem of Algebra:  (i) Every polynomial  

 where the degree  and  has atleast 

one root. 

(ii) Every polynomial   where the degree  and 

 has exactly n roots. 

Argument Theorem: Let  be analytic inside and on a simple closed curve C except for 

a finite number of poles inside C, then  where N and P are 

respectively the number of zeros and poles of f(z) inside C. 

Power Series: A power series in powers of  is an infinite series of the form 

  where, z is a variable and the 

 are constants called coefficients, and a is a constant called the center of the 

series. 

 

Taylor’s Series : Let  be an analytic function inside and on a simple closed curve , 

with the center as a and radius R. Then at each point inside the contour  we define 

 
The power series here converges to  when .  

Laurent’s Series: At each point  in the annular region, the function  is represented 

by a convergent series of positive and negative powers of  as 

 

 

 

where,  

The series here is called the Laurent series. 
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Isolated singularity: The point  is called the isolated singularity or isolated singular 

point of the function  if we can find  such that the circle  enclose no 

singular point other than a. 

Pole: If we can find a positive integer  such that   

Is called a pole of order . 

Essential singularity :A singularity which is neither a pole, nor a branch point or 

removable singularity is an essential singularity 

Residue: The function  fails to be analytic at a finite number of points in the interior of 

the contour C in R, then there is a specific number called the residue, which each of these 

points (points of singularity) contribute to the value of the integral  

Improper integrals of rational functions: 

 

Improper integrals of rational functions involving sine and cosine functions: 
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